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ABSTRACT:	

In	 this	 work	 we	 consider	 an	 electromagnetic	 system	 composed	 of	 two	 flat	 perfectly	 conductor	
surfaces	 and	 a	 periodic	 array	 of	 circular	 inclusions	 forming	 a	 photonic	 crystal	 waveguide.	 A	
numerical	 integral	 method	 was	 applied	 to	 determine	 the	 band	 structure	 of	 the	 system	 and	 the	
intensity	 of	 field	 of	 its	 electromagnetic	 modes.	 We	 found	 that	 the	 variation	 of	 the	 filling	 fraction	
allows	 to	 control	 at	 a	 certain	 degree	 the	 photonic	 band	 structure	 of	 the	 system.	 We	 also	 found	
interesting	band	 structures	 that	 contain	 regions	of	nearly	 zero-dispersion	and	bandgaps.	Although	
initially	we	considered	that	the	medium	inside	the	waveguide	is	vacuum,	we	also	discuss	the	case	of	a	
dispersive	metamaterial	medium.	Some	numerical	results	show	the	presence	of	a	plasmonic	surface	
mode	in	the	proposed	system	for	TE	polarization.	
Key	words:	Photonic	crystal	waveguide,	plasmonic	surface	mode,	photonic	band,	integral	method.	

RESUMEN:	

En	 este	 trabajo	 consideramos	un	 sistema	 electromagnético	que	 está	 compuesto	de	dos	 superficies	
perfectamente	 conductoras	 y	un	 arreglo	periódico	de	 inclusiones	 circulares	 formando	una	 guía	de	
ondas	de	cristal	fotónico.	Un	método	integral	numérico	fue	aplicado	para	determinar	la	estructura	de	
bandas	del	sistema	y	la	intensidad	del	campo	de	sus	modos	electromagnéticos.	Encontramos	que	la	
variación	 de	 la	 fracción	 de	 llenado	 permite	 controlar	 hasta	 cierto	 punto	 la	 estructura	 de	 bandas	
fotónicas	 del	 sistema.	 También	 encontramos	 estructuras	 de	 bandas	 interesantes	 que	 contienen	
regiones	de	bandas	prohibidas	y	de	dispersión	casi	cero.	Aunque	inicialmente	consideramos	que	el	
medio	 dentro	 de	 la	 guía	 de	 ondas	 es	 vacío,	 también	 consideramos	 el	 caso	 de	 un	 medio	 de	
metamaterial	 dispersivo.	 Algunos	 resultados	 numéricos	 muestran	 la	 presencia	 de	 un	 modo	 de	
plasmón	de	superficie	en	el	sistema	propuesto	para	polarización	TE.	
Palabras	clave:	Guía	de	ondas	de	cristal	 fotónico,	modo	de	plasmón	de	superficie,	banda	 fotónica,	

método	integral.	
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1.	Introduction	
Recent	development	in	photonic	crystal	waveguides	has	created	interest	among	scientists	from	different	
fields	[1-2].	The	photonic	crystals	that	constitute	periodic	arrays	of	different	materials	with	a	unit	cell	of	
dimension	on	the	order	of	 the	wavelength	have	the	potential	 to	develop	a	new	technology	of	 integrated	
optical	 circuits	 [3,4].	Other	kinds	of	 structured	materials	 that	have	 recently	attracted	much	 interest	are	
the	dispersive	metamaterials	or	left-handed	materials	(LHMs),	which	owe	their	name	to	the	fact	that	the	
light	vectors	E,	H	and	k	 form	a	left	handed	triad	for	a	wave	propagating	through	these	media	[5-7].	This	
work	 is	concerned	with	determination	of	 the	plasmonic	surface	modes	of	a	photonic	crystal	waveguide,	
formed	with	two	perfect	electric	conductor	(PEC)	flat	surfaces	and	a	periodic	array	of	circular	inclusions	
of	dispersive	LHM.	This	paper	is	organized	as	follows.	In	the	theoretical	approach	section	we	introduce	an	
integral	 method	 to	 calculate	 the	 electromagnetic	 modes	 of	 our	 system	 based	 on	 the	 ideas	 outlined	
elsewhere	[8].	In	Sec.	3	we	describe	another	integral	method	to	calculate	the	optical	response	of	a	finite	
photonic	 crystal	 waveguide	 and	 we	 show	 some	 results	 corresponding	 to	 both	 methods.	 In	 Sec.	 4	 we	
present	 some	 numerical	 results	 that	 show	 the	 band	 structures	 and	 the	 presence	 of	 plasmonic	 surface	
modes	 in	 the	 system	 proposed	with	 dispersive	 LHM	 for	 TE	 polarization.	 Finally,	 we	 present	 our	main	
conclusions	in	Sec.	5.	

	



ÓPTICA PURA Y APLICADA. www.sedoptica.es 
 

Opt. Pura Apl. 49 (3) 115-123 (2016)  © Sociedad Española de Óptica 
 

117 

2.	Theoretical	approach	
Assuming	 sinusoidal	 time	 dependence	 𝑒"#$%	 for	 the	 electromagnetic	 fields,	 the	 wave	 equation	 can	 be	
transformed	to	the	Helmholtz	equation	
	 Ψ' r + 𝑘'+Ψ' r = 0.	 (1)	

In	this	equation	Ψ' r 	represents	the	electric	field	Ez	in	the	case	of	TE-polarization	in	the	j-th	medium	(Fig.	
1)	and	r = 𝑥0 + 𝑦2	 is	 the	position	vector	 in	 the	x-y	plane.	The	magnitude	of	 the	wave	vector	 is	given	by	
𝑘' = 𝑛' 𝜔 𝜔/𝑐	being	𝑛' 𝜔 = ± 𝜇' 𝜔 𝜀' 𝜔 	is	the	refractive	index	that	involves	the	material	properties	
which	is	given	in	terms	of	the	magnetic	permeability	𝜇' 𝜔 	

and	the	electric	permittivity	is	given	by
	
𝜀' 𝜔 ,	

both	 of	 these	 functions	 depending	 on	 the	 frequency	ω.	 The	 speed	 of	 light	 is	 indicated	 by	 c.	 The	 sign	
appearing	 in	 the	 refractive	 index	 equation	 must	 be	 taken	 as	 negative	 when	 considering	 an	 LHM	 and	
positive	when	the	medium	is	vacuum	or	a	dielectric	material.	

We	 consider	 a	 photonic	 crystal	 waveguide,	 formed	with	 two	 PEC	 flat	 surfaces	 and	 a	 periodic	 array	 of	
circular	inclusions	of	dispersive	LHM.	The	system	is	sketched	in	Fig.	1.	
	

Fig.	1.	Graphic	description	of	the	photonic	crystal	waveguide,	formed	with	two	PEC	flat	surfaces	and	a	periodic	array	of	circular	
inclusions	of	dispersive	LHM.	The	Γ	contours	define	the	unit	cell	of	the	system	with	periodicity	in	the		x-direction.	

	
In	Fig.	1,	P	 is	 the	period	of	 the	system	in	x-direction,	b	 is	 the	distance	between	the	 flat	surfaces,	r	 is	 the	
radius	of	the	circular	inclusion,	and	the	region	enclosed	by	the	curves	Γ;,	Γ+,	Γ<,	and	Γ=	can	be	considered	
as	 a	unit	 cell	 of	 the	 system.	The	 set	 of	 an	 infinite	number	of	 unit	 cells	 is	 a	waveguide	of	 infinite	 length	
represented	by	a	perfect	crystal.	

The	 periodicity	 in	 the	 x-direction	 is	 a	 symmetry	 condition	 that	 is	 specially	 considered.	 Due	 to	 this	
property	 and	 the	 form	 of	 the	 differential	 equation	 Eq.	 (1)	 the	 Bloch	 theorem	 can	 be	 applied	 for	 the	 x-
direction.	In	this	way	the	following	expression	can	be	derived	

	 Ψ 𝑥 − 𝑃, 𝑦 = exp −𝑖𝑘𝑃 Ψ 𝑥, 𝑦 ,	 (2)	

where	k	is	the	one-dimensional	Bloch	vector.	

To	 determine	 the	 modes	 we	 have	 to	 find	 the	 dispersion	 relation	𝜔 = 𝜔 𝑘 .	 With	 this	 in	 mind,	 let	 us	
consider	 a	 Green's	 function	 for	 a	 two-dimensional	 geometry	 that	 can	 be	 used	 to	 solve	 the	 Helmholtz	
equation.	 The	 Green's	 function	 considered	 is	𝐺 r,r′ = 𝑖𝜋𝐻I

; 𝜔 r − r′ /𝑐 ,	 where	𝐻I
; 𝑧 	 is	 the	 Hankel	

function	of	 the	 first	 kind	and	 zero	order.	Considering	 the	geometry	of	 the	unit	 cell	 shown	 in	Fig.	 1	 and	
applying	the	two-dimensional	second	Green's	theorem	for	the	functions	Ψ	and	G	we	obtain	the	expression	

	 ;
=K

𝐺 r,r′ LM r'
LOP

− LQ r,rP
LOP

Ψ r' 𝑑𝑠P = 𝜃 rU Ψ r ,	 (3)	

being	𝜃 r = 1	if	r	is	inside	the	unit	cell	and	𝜃 r = 0	otherwise.	ds’	is	the	differential	arc's	length,	n’	is	the	
outward	normal	vector	to	C,	and	the	observation	point	r	is	infinitesimally	separated	of	contour	C	outer	to	
the	unit	cell.	

To	solve	numerically	Eq.	(3),	we	divide	the	curve	C	 	 in	five	segments	Γ;,	Γ+,	Γ<,	Γ=,	and	Γ\	(see	Fig.	1)	and	
take	a	sampling	𝑋O = 𝑋 𝑠O ,	𝑌O = 𝑦 𝑠O 	along	the	each	curve.	Besides	these	considerations,	we	take	into	
account	the	boundary	condition	at	the	PEC	surfaces	(with	curves	Γ;	and	Γ+)	and	applying	Eq.	(2)	we	obtain	
the	equations	ΨO

= = exp −𝑖𝑘𝑃 ΨO
< ,	and	ΦO

= = −exp −𝑖𝑘𝑃 ΦO
< ,	being	ΦO	the	normal	derivative	of	the	

field	ΨO.	 In	 this	way,	 Eq.	 (3)	 can	be	 represented	numerically	 in	 terms	of	 a	 homogeneous	 system	of	 	
algebraic	equations	as	follows:	

N
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	 𝐿aO ;
; ΦO ; +bc

Od; 𝐿aO +
; ΦO + + 𝐿aO <

; − exp −𝑖𝑘𝑃 𝐿aO =
; ΦO <

be
Od;

bf
Od; 	

	 − 𝑁aO <
; + exp −𝑖𝑘𝑃 𝑁aO =

; ΨO <
be
Od; + 𝐿aO \

; ΦO \
bh
Od; − 𝑁aO \

; ΨO \ = 0bh
Od; ,	 (4)	

	 𝐿aO \
+ if

ic
ΦO \

bh
Od; + 𝑁aO \

+ ΨO \ = 0bh
Od; ,	 (5)	

for	m = 1, 2, …, N - N5	in	Eq.	(4)	and	m = N - N5 + 1, …, N	in	Eq.	(5),	where	N(j)	(j = 1, 2, 3, 4, 5)	denote	the	
number	points	of	 the	 j-th	contour	Γ' .	 In	Eqs.	 (4)	and	 (5)	 the	source	 functions	ΨO ' 	 and	ΦO ' 	 represent	
numerically	the	field	Ψ	and	its	normal	derivative,	besides,	the	subscripts	n(j) = 1, 2, 3, 4, 5	denote	the	n-th	
point	along	the	Γ' 	contour.	The	matrix	element	𝐿aO(')

(;,+) 	and	𝑁aO(')
(;,+) 	are	given	in	Refs.	[8-10].	

Equations	 (4)	 and	 (5)	 constitute	 a	 linear	 system	M(ω)F(ω) = 0	 that	 has	 an	 associated	 representative	
matrix,	 M,	 that	 depends	 on	 the	 frequency	 ω	 and	 the	 Bloch	 vector	 k.	 Since	 the	 equation	 system	 is	
homogeneous,	 a	 nontrivial	 solution	 can	 be	 obtained	 if	 the	 determinant	 of	 such	 matrix	 is	 zero.	 To	
determine	the	frequency	ω,	we	define	the	function	

	 𝐷 𝑘, 𝜔 = ln det 𝑀 .	 (6)	

Numerically	this	function	presents	local	minima	points	that	will	give	us	the	numeric	dispersion	relation	ω	
=	ω(k)	that	determines	the	band	structure	and	we	can	recognize	that	this	system	is	a	photonic	crystal.	In	
order	to	calculate	the	field	distribution	within	a	unit	cell	for	a	mode	at	a	given	point	(k,ω),	we	can	use	the	
well-known	numerical	method	of	single	value	decomposition	to	obtain	the	non-trivial	solutions	for	F(ω)	
and	the	corresponding	field.	

3.	Band	structures	and	its	optical	response	of	a	PEC	photonic	crystal	waveguide		
The	 previously	 developed	method	 can	 calculate	 band	 structures	 associated	 to	 infinite	 photonic	 crystal	
waveguide	 in	the	x-direction.	However,	 in	practice	a	waveguide	has	a	 finite	 length,	so	we	will	verify	 the	
existence	of	band	gaps	by	modelling	the	reflectivity	with	the	integral	method	in	very	much	the	same	as	we	
do	with	truncated	photonic	crystals	[9,10].	

Let	 us	 consider	 the	 problem	 of	 calculating	 the	 reflectance	 of	 a	 photonic	 crystal	 waveguide	 with	 finite	
length	that	is	illuminated	with	an	incident	field	Ψ#Op r, 𝑡 = Ψ#Op r 𝑒"#$%	as	sketched	in	Fig.	2.	The	system	formed	by	 two	parallel	plates	and	a	periodic	array	of	circular	 inclusions	 is	considered	as	a	system	of	M	
bodies.	 Region	 0	 is	 characterized	 by	 a	 (real)	 index	 of	 refraction	 𝑛r = 𝜀r 𝜔 ,	 and	 regions	 1	 to	M	 are	
defined	by	the	curves	Γ' 	and	characterized	by	the	corresponding	refractive	indices	𝑛' 	or,	alternatively,	by	
the	 dielectric	 constants

	
𝜀' 𝜔 .	 The	 curves	 describing	 the	 profiles	 can	 be	 written	 in	 terms	 of	 a	 single	

parameter	𝑡' 	as					r𝒋 = 𝜉' 𝑡' , 𝜂' 𝑡' 	
	

	
Fig.	2.	Schematic	of	a	photonic	crystal	waveguide	formed	with	two	PEC	flat	surfaces	of	width	l	and	length	d	and	a	periodic	array	of	
circular	inclusions.	The	length	of	the	system	in	y-direction	is	𝐿v = 2𝑙 + 𝑏.	The	1 𝑒	half-width	of	the	modulus	of	the	incident	Gaussian	
beam	projected	on	the	plane	𝑥 = 𝑑	is	g.	The	angles	of	incidence	𝜃r	and	scattering	𝜃z 	(for	transmission	and	reflection)	are	also	shown;	

they	are	defined	as	positive	in	the	sense	indicated	in	the	figure.	

	
Employing	Green's	integral	theorem,	the	field	in	region	0	may	be	expressed	as		

	 Ψ r r = Ψ#Op
r r + ;

=K

LQ{ r,%|
LO|

Ψ r 𝑡' − 𝐺r r, 𝑡'
LM { %|

LO|}|
~
'd; 𝑑𝑡',	 (7)	

where	 𝜕 𝜕𝑛' = −𝜂P' 𝑡' 𝜕 𝜕𝑦 + 𝜉′' 𝑡' 𝜕 𝜕𝑥	 is	 the	 (no	 normalized)	 normal	 derivative	 operator	 and	
𝐺r r, 𝑡' 	 is	a	suitable	Green	function	for	region	0	[11].	In	this	expression,	Ψ#Op

r r 	represents	the	incident	
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field,	 and	 the	 sum	 of	 the	 integrals	 represents	 the	 scattered	 field.	 The	 source	 functions	 Ψ r 𝑡' 	 and	
𝜕Ψ r 𝑡' 𝜕𝑛' ,	which	represent	the	values	of	the	field	and	its	normal	derivative	evaluated	on	the	surface.	

Following	the	same	steps	for	region	j,	the	field	Ψ ' r 	may	be	expressed	as		

	 𝜃' r Ψ ' r = − ;
=K

LQ| r,%|
LO|

Ψ ' 𝑡' − 𝐺' r, 𝑡'
LM | %|

LO|}|
𝑑𝑡',	 (8)	

where	𝜃' r 	is	unity	for	points	inside	medium	j	and	zero	otherwise,	and	𝐺' r, 𝑡' 	is	the	Green	function	for	
medium	j.	

Equations	(7)	and	(8)	constitute	a	set	of	2M	coupled	integral	equations	that	can	be	solved	numerically	to	
obtain	the	boundary	values	for	the	field	and	its	normal	derivative	on	the	surface	of	the	scattering	bodies.	
Details	of	the	discretization	of	these	equations	and	their	conversion	into	matrix	equations	can	be	found	in	
Ref.	[11].	

In	order	to	treat	the	problem	with	the	numerical	method	given	above,	some	considerations	must	be	made.	
Since	the	size	of	the	system	is	finite,	to	avoid	edge	effects	we	illuminate	it	with	a	tapered	Gaussian	beam	
whose	intercept	with	the	plane	of	the	waveguide	has	a	half-width	g.	This	parameter	must	be	smaller	than	
the	total	length	of	the	system	𝐿v = 2𝑙 + 𝑏,	but	much	larger	than	the	width	of	the	aperture	b	(see	Fig.	2).	

With	these	considerations,	the	incident	field	can	be	expressed	in	terms	of	its	angular	spectrum	𝐴 𝑞, 𝑘v ,	

	 Ψ#Op 𝑥, 𝑦 = ;
+K

𝐴 𝑞, 𝑘v exp 𝑖 𝑞𝑥 − 𝛼r 𝑞 𝑦 𝑑𝑞O{ $ p
"O{ $ p ,	 (9)	

where	𝛼r 𝑞 = 𝜔 𝑐 + − 𝑞+ ; +	with	ℜ 𝛼r 𝑞 > 0	and	ℑ 𝛼r 𝑞 > 0.	In	our	case	we	choose		

	 𝐴 𝑞, 𝑘v = 𝜓r 𝜋𝑔exp −𝑔+ 𝑞 − 𝑘v
+
4 + 𝑖𝛼r 𝑞 𝑑 ,	 (10)	

being	𝜓r	a	constant	with	appropriate	units.	The	parameter	𝑘v = 𝑛r 𝜔 𝑐 sin 𝜃r,	where	𝜃r	represents	the	
angle	of	incidence	(see	Fig.	2).	

With	this	incident	field	we	can	find	that	the	total	power	crossing	the	area	𝐿v𝐿�,	where	𝐿�	is	a	length	in	the	
z	direction,	is	given	by	

	 𝑃#Op 𝑘v = 𝐿�
K
+
𝑔𝛼r 𝑘v

pf

�K$
,	 (11)	

where	we	have	assumed	that	 𝜔 𝑐 𝑔 ≫ 1.	

Furthermore,	using	 the	plane-wave	expansion	[11]	 to	calculate	 the	x-component	of	 the	Poynting	vector,	
we	find	the	following	expression	for	the	total	scattered	power		

	 𝑃zp 𝑘v = 𝐿�
pf

�K$
;
+K

𝛼r 𝑞 𝑆 𝑞, 𝑘v
+
𝑑𝑞O{ $ p

"O{ $ p ,	 (12)	

being	

	 𝑆 𝑞, 𝑘v = − #
+�{ �

LM { %|
LO|

exp −𝑖 𝑞𝑥 𝑡' − 𝛼r 𝑞 𝑦 𝑡' 𝑑𝑡'}|
~
'd; 	 (13)	

for	TE	polarization.	

Therefore,	using	Eqs.	(11)	and	(12),	the	normalized	reflected	power	is	given	by		

	 𝑅 𝑘v = ��� ��
���� ��

= ;
ℱ ��

;
+K

𝛼r 𝑞 𝑆 𝑞, 𝑘v
+
𝑑𝑞O{ $ p

"O{ $ p ,	 (14)	

being	

	 ℱ 𝑘v = K
+
𝑔𝛼r 𝑘v .	 (15)	

For	propagating	waves	(i.e.	when	𝑞 < 𝑛r 𝜔 𝑐 ),	we	can	identify	the	components	of	the	wave	vector	as	𝑞 =
𝜔 𝑐 sin 𝜃z	and	𝛼r 𝑞 = 𝜔 𝑐 cos 𝜃z,	where	𝜃z	is	the	scattering	angle	(see	Fig.	2).	

In	Fig.	3(a)	and	(c),	we	show	the	band	structures	 in	 terms	of	 the	reduced	 frequency	𝜔� = 𝑃 2𝜋 𝜔 𝑐 	
and	 the	 reduced	 Bloch	 vector	 𝑘� 	 within	 the	 first	 Brillouin	 zone	 −𝜋 𝑃 ≤ 𝑘� ≤ 𝜋 𝑃,	 with	 𝑃 = 2𝜋,	
determined	with	our	numerical	method.	In	this	example	we	considered	a	PEC	photonic	crystal	waveguide	
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with	the	distance	between	the	flat	surfaces	𝑏 = 𝜋	and	the	radii	of	the	circular	inclusions	𝑟 = 0.1772	(Fig.	
3(a))	 and	 𝑟 = 0.5605	 (Fig.	 3(c))	 (arbitrary	 units),	 under	 TE	 polarization.	 The	 reflected	 intensities	 of	
previously	 considered	 systems	 when	 a	 Gaussian	 beam	 of	 a	 half-width	 𝑔 = 11.2	 illuminates	 the	
waveguides	 under	 normal	 incidence	 𝜃r = 0°	 are	 shown	 in	 Fig.	 3(b)	 and	 (d).	 In	 these	 cases,	 finite	
waveguide	length	(see	Fig.	2)	is	𝑑 = 20𝜋	(only	10	periods).	

It	is	worth	observing	that	in	this	case	the	reflectance	is	quite	high	in	the	regions	quoted	by	the	extremes	of	
band	gaps	(Fig.	3(a)	and	(c)),	so,	these	are	complete	band	gaps.	Thus,	some	few	periods	are	needed	to	get	
a	 high	 reflectance	 response	 corresponding	 to	 the	 frequency	 regions	 of	 band	 gaps.	 The	 numerical	
simulations	 show	 that	 changing	 the	 filling	 fraction	 (or	 the	 radius	 of	 the	 circular	 inclusions)	widens	 the	
gaps.	 This	 fact	 implies	 that	 the	 mode	 curves	 become	 flatter,	 such	 as	 the	 modes	 can	 be	 associated	 to	
discrete	frequencies	since	only	discrete	modes	are	allowed	inside	the	waveguide.	Some	modes	are	shown	
in	Fig.	3(c),	which	correspond	to	the	optical	response	results	(Fig.	3(d)),	where	we	observe	narrow	drops	
on	the	reflectance	curve	for	the	frequencies	𝜔� = 1.1594,	1.5351	and	2.0760.	 It	 is	 important	to	mention	
that	 the	numerical	methods	used	 to	determine	 the	band	structure	and	 the	 reflectance	are	 independent,	
although	 they	have	 in	 common	 the	use	of	 the	Green's	 theorem.	This	means	 that	 both	methods	 validate	
between	them,	at	least	for	the	presented	simulations.	

	

Fig.	3.	Band	structure	of	a	PEC	photonic	crystal	waveguide	for	𝑏 = 𝜋	with	(a)	𝑟 = 0.1772	and	(c)	𝑟 = 0.5605	under	TE	polarization.	
(b)	and	(d)	Reflected	intensities	when	a	Gaussian	beam	of	a	half-width	𝑔 = 11.2	illuminates	the	waveguide	of	length	𝑑 = 20𝜋	under	

normal	incidence	𝜃r = 0°,	respectively.	
	
4.	Plasmonic	surface	mode	in	a	photonic	crystal	waveguide	that	include	LHM	
Now	let	us	consider	another	case	taking	into	account	a	photonic	crystal	waveguide,	formed	with	two	PEC	
flat	surfaces	and	a	periodic	array	of	circular	inclusions	of	dispersive	LHM.	The	optical	properties	of	LHM	
given	by	𝜀 𝜔 	and	𝜇 𝜔 	are	expressed	in	the	form	[12]	

	 𝜀 𝜔 = 1 − $¥f

$f
								and							𝜇 𝜔 = 1 − ¦$f

$f"${f
	 (16)	
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with	the	plasma	frequency	𝜔§	and	the	resonance	frequency	𝜔r.	These	functions	are	shown	in	Fig.	4	with	
the	parameters	𝜔§ = 1.5915,	𝜔r = 0.6366,	and	𝐹 = 0.56.	The	region	where	this	LHM	presents	a	negative	
refractive	index	is	within	the	frequency	range	𝜔r < 𝜔� < 𝜔©~	with	𝜔©~ = 𝜔r 1 − 𝐹 = 0.9597.	
	

Fig.	4.	Dielectric	function	𝜀 𝜔� 	and	magnetic	permeability	𝜇 𝜔� 	of	a	dispersive	LHM	as	a	function	of	frequency.	

	
Below	 we	 present	 some	 results	 of	 our	 model	 system	 that	 include	 a	 periodic	 array	 of	 dispersive	 LHM	
circular	inclusions.	For	a	reduced	frequency	given	the	following	geometric	values	of	unit	cell	were	taken	
into	 account:	 𝑏 = 4𝜋	 and	 𝑃 = 2𝜋	 under	 TE	 polarization.	 The	 band	 structures	 for	 the	 photonic	 crystal	
waveguide	with	LHM	inclusions	of	radii	𝑟 = 0.1𝑏 = 1.2566	and	𝑟 = 0.2𝑏 = 2.5132	are	shown	in	Fig.	5(a)	
and	(b),	respectively.	

Fig.	5.	Band	structures	of	a	photonic	crystal	waveguide	for	𝑏 = 4𝜋	with	LHM	circular	inclusions	of	radii	(a)	𝑟 = 1.2566	and	(b)	𝑟 =
2.5132	under	TE	polarization.	

	
It	 is	 important	 to	 mention	 that	 the	 band	 structures	 show	 approximately	 the	 same	 frequency	 of	 the	
plasmonic	modes	(𝜔� = 0.7519	and	𝜔� = 0.7511)	 for	different	sizes	of	LHM	circular	 inclusions.	Besides,	
we	 can	 observe	more	 band	 gaps	 changing	 the	 value	 of	 the	 filling	 fraction	 or	 the	 radius	 of	 the	 circular	
inclusions.	

In	Figs.	6(a)	and	(c)	the	real	determinant	functions	(Eq.	6)	as	a	 function	of	the	frequency	with	the	same	
previous	parameters	of	the	waveguide	are	shown.	The	position	of	the	extreme	minimums	is	identified	as	
the	 frequency	of	 the	mode	with	the	values	𝜔� = 0.7519	 for	𝑟 = 1.2566	and	𝜔� = 0.7511	 for	𝑟 = 2.5132.	
Moreover,	the	intensities	of	the	electric	field	within	of	the	unit	cell	are	shown	in	Fig.	5(b)	and	(d)	for	these	
frequencies,	respectively.	

For	 a	 surface	 LHM-vacuum,	 there	 exists	 a	 plasmonic	 surface	 mode	 with	 a	 frequency	 𝜔�
§zª =

𝜔r 2 2 − 𝐹 = 0.7502	 [13].	 We	 found	 modes	 with	 frequencies	 very	 close	 to	 𝜔�
§zª	 and	 whose	

corresponding	intensity	distributions	are	highly	localized	in	the	vicinity	of	the	interface	vacuum-LHM.	For	
these	 reasons	 we	 think	 that	 exists	 plasmonic	 surface	 modes	 for	 the	 considered	 systems	 in	 this	 work.	
Besides,	the	results	show	that	plasmonic	modes	are	independent	of	the	size	of	inclusion	although	they	are	
very	near	to	each	other.	
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Fig.	6.	Function	𝐷 𝑘 = 0,𝜔� 	of	a	photonic	crystal	waveguide,	formed	with	two	PEC	flat	surfaces	and	a	periodic	array	of	LHM	circular	
inclusions	of	radii	(a)	𝑟 = 1.2566	and	(c)	𝑟 = 2.5132.	(b)	and	(d)	Electric	field	distributions	at	the	frequencies	𝜔� = 0.7519	and	𝜔� =

0.7511,	respectively.	
	
5.	Conclusions	
We	have	applied	two	integral	numerical	methods	to	study	a	photonic	crystal	waveguide	formed	with	two	
PEC	 flat	 surfaces	 and	 a	 periodic	 array	 of	 circular	 inclusions.	 With	 a	 method	 the	 band	 structure	 is	
determined	and	with	another	method	the	reflectance	of	 this	system	is	calculated.	The	band	structure	of	
this	 waveguide	 resembles	 that	 associated	 to	 one-dimensional	 photonic	 crystals,	 with	 some	 interesting	
features	that	allow	manipulating	the	band	structure,	particularly	the	band	gaps	width	by	just	changing	the	
filling	fraction.	These	properties	present	some	interest	since	a	technological	point	of	view.	Furthermore,	
we	analyze	the	optical	response	of	a	photonic	crystal	waveguide	that	include	a	periodic	array	of	circular	
inclusions	 of	 dispersive	 LHM.	 On	 the	 other	 hand,	with	 one	 of	 the	 integral	methods	we	 determined	 the	
frequency	and	field	intensity	of	modes.	So,	we	found	a	plasmonic	surface	mode	on	the	interface	vacuum-
LHM	of	the	proposed	system,	which	is	independent	of	the	size	of	inclusion.	
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