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ABSTRACT:
The various forms of Fourier analysis (Fourier series, continuous Fourier transform, and discrete
Fourier transform) are briefly presented and their mutual relationships are analyzed. The
fast Fourier transform algorithm is described in detail and applied to the calculation of one-
dimensional and two-dimensional discrete transforms. Two programs for interactive calculation
and visualization of the Fourier transform of one-dimensional functions and two-dimensional
images have been developed. These programs provide complete graphical information on the
discrete Fourier transform and can be useful as learning tools; they are freely available at
http://www.ub.edu/javaoptics/contributed/.
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RESUMEN:
Se presenta una formulación compacta de las distintas variantes del análisis de Fourier (serie
de Fourier, transformada contı́nua de Fourier y transformada de Fourier discreta) y se analizan
las relaciones entre ellas. Se describe con detalle el algoritmo de la transformada rápida de
Fourier y se aplica al cálculo de transformadas discretas en una y dos dimensiones. Se han
desarrollado dos programas para el cálculo interactivo y la visualización de transformadas
de Fourier de funciones de una variable y de imágenes bidimensionales. Estos programas
proporcionan información gráfica completa sobre la transformada de Fourier discreta y
pueden ser útiles como herramientas de aprendizaje. Se pueden descargar gratuitamente de
http://www.ub.edu/javaoptics/contributed/.

Palabras clave: análisis de Fourier, transformada rápida de Fourier, filtrado de imágenes.
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1 Introduction

The Fourier transform is a widely used tool in theoreti-
cal and applied physics, and finds applications in fields
as diverse as signal and image processing, acoustics,
optics and quantum mechanics. Although theoretical
applications may only require the continuous Fourier
transform, numerical calculations and data processing
usually involve sampled data, which require the use
of the discrete Fourier transform (DFT). The most de-
manding applications of the DFT are found in image
processing. Typical two-dimensional images contain of
the order of 218 data. The standard in medical diagnos-
tics is to use three-dimensional images, obtained from
computerized tomography (CT) and other techniques,
which consist of about 227 voxels.

The popularity of the DFT is partly due to the exis-
tence of an extremely efficient numerical algorithm, the
so-called Fast Fourier Transform (FFT). Even on mod-
est desktop computers, this algorithm allows the calcu-
lation of Fourier transforms of vast data sets, such as
those describing large-size two-dimensional images, in
amazingly short times. Despite the widespread use of
the FFT, most of the published descriptions concentrate
purely on algorithmic and programming aspects, and the
newcomer has difficulties to find a compact and consis-
tent description of the relationship between the DFT and
other variants of Fourier analysis, namely the (continu-
ous) Fourier transform and the Fourier series. Very fre-
quently, learners find difficulties to verify that, for sim-
ple analytical functions (Gaussian, step, . . . ), the result
given by the FFT does coincide with the known analyti-
cal expression of the continuous transform. The difficul-
ties become even harder when treating two-dimensional
transforms, which require careful reordering of data ar-
rays.

The aim of this article is to present the essentials of
Fourier analysis in a simple and compact form, to de-
scribe in detail the FFT algorithm and, finally, to pro-
vide the user with programs that calculate one- and two-
dimensional Fourier transforms and display the results
graphically. The information and tools presented here
are designed to illustrate practical aspects of Fourier
analysis and to help the reader to recognize the subtleties
of the numerical algorithms.

This article is organized as follows. In Section 2,
we consider the Fourier series of periodic functions as
simply an expansion in terms of plane waves, which
are shown to constitute a complete orthonormal basis.
Section 3 deals with the continuous Fourier transform,
which is introduced as the limit of the Fourier series,
when the function period tends to ∞. After noting the
orthonormality of the plane waves discretized on a uni-

form grid, the discrete Fourier transform is introduced
in Section 4. In Section 5 we study the relationship
between the DFT, the Fourier series and the Fourier
transform. A straightforward generalization of the one-
dimensional Fourier transform to two-dimensions is de-
scribed in Section 6. Section 7 deals with the FFT al-
gorithm and its implementation in one and two dimen-
sions. Computer programs implementing the numerical
algorithms are presented in Section 8, together with a
few examples.

2 Fourier series
Let us consider the space CL of complex-valued func-
tions f(x) of a real variable x that are periodic with pe-
riod L, i.e. such that

f(x + L) = f(x) (1)

for any x. A function of CL is completely defined by
its values for x in an arbitrary interval of length L, say
x ∈ (a, a + L). Without any loss of generality, we will
consider functions defined in the interval (0, L). In CL

we consider the usual scalar product of two functions
f(x) and g(x),

〈f |g〉 =
∫ L

0

f∗(x)g(x) dx, (2)

where f∗(x) denotes the complex conjugate of f(x).
A fundamental result of Sturm-Liouville theory is

that the set of functions

φj(x) =
1√
L

exp
(

i
2π

L
jx

)
, j = 0,±1,±2, . . .

(3)
is a complete orthonormal basis of CL. Note that φj(x)
is a plane wave with wavenumber kj = 2πj/L and
wavelength λj = L/j; the interval (0, L) contains j
full oscillations of the wave φj(x).

The orthonormality of the basis functions follows
from

〈φj′ |φj〉 =
1
L

∫ L

0

exp
[
i
2π

L
(j − j′)x

]
dx = δj′j ,

(4)
where δjj′ (= 1 if j = j′ and = 0 otherwise) is the Kro-
necker delta. Therefore, any given function f(x) of CL

can be expanded as a linear combination of plane waves,

f(x) =
∞∑

j=−∞
cjφj(x) =

∞∑
j=−∞

cj
1√
L

exp
[
i
2π

L
jx

]
,

(5)
where the coefficients cj are given by

cj = 〈φj |f〉 =
∫ L

0

1√
L

exp
[
−i

2π

L
jx

]
f(x) dx. (6)
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The series in Eq. (5) is known as the Fourier series of
the function f(x). Evidently, the information provided
by the set of coefficients {cj} is the same as that of the
original function f(x). Each coefficient cj is referred to
as the Fourier (or frequency) component of the function
f(x).

As an example, consider the triangle wave function,
periodic with period 2π,

f(x) =
{

x 0 < x < π,
−x −π < x < 0.

(7)

Using expressions (5) and (6) we find the following
Fourier series for f(x),

f(x) =
π

2
− 4

π

(
cos x +

cos 3x

32
+

cos 5x

52
+ · · ·

)
.

(8)
In Fig. 1 we compare the triangle wave function and its
Fourier series truncated after the second and the seventh
terms, respectively. It is clear that by adding more and
more terms, the series in Eq. (8) converges to f(x).

f(x)

x
−π 0 π 2π 3π

π

f(x)

x
−π 0 π 2π 3π

π

Figure 1: The upper plot displays the function
f(x), Eq. (7), with the sum of the two lower-
order terms of its Fourier series (8). The lower
plot shows the Fourier sum, Eq. (8), truncated
after its 7th term.

It must be mentioned that the Fourier series is able
to reproduce the original function only if the latter is
continuous. To illustrate the situation, consider the fol-
lowing discontinuous function,

f(x) = x, 0 < x < 2π, (9)

perodic with period 2π. Its Fourier series, obtained from
expressions (5) and (6), is

f(x) = π−2
(

sinx +
sin 2x

2
+

sin 3x

3
+ · · ·

)
. (10)

A plot of this Fourier series, truncated after the eleventh
term, is displayed in Fig. 2. Notice that the Fourier se-
ries overshoots the function f(x) near the discontinu-
ities and that it oscillates around f(x) elsewhere. The
important point is that the amplitude of the oscillations
at the discontinuities does not decrease when increasing
the number of terms considered in expression (10). This
anomaly is known as the Gibbs phenomenon. Several
tricks have been suggested to improve the agreement
of the Fourier series with the original function. One of
the most efficient is the Lanczos’ σ coefficients method
(see, e.g., [3]).

f(x)

x
−2π −π 0 π 2π

2π

Figure 2: Fourier series, Eq. (10), of the saw-
tooth function (9) truncated after the eleventh
term. The oscillations illustrate the Gibbs phe-
nomenon.

3 The Fourier transform
The Fourier transform [1-3] is an integral transform that
decomposes a continuous function in its frequency com-
ponents. It is a tool of paramount importance in the
fields of theoretical optics and quantum mechanics. Our
goal here is to present a simple derivation of the Fourier
transform from the Fourier series described above.

We now consider complex-valued functions of a real
variable x defined in the whole real axis. To build the
Fourier transform of these functions it is convenient to
use the symmetric interval (−L/2, L/2) and, eventu-
ally, go to the limit L →∞.

Let us consider a function f(x) defined in the in-
terval (−L/2, L/2), which is of length L and therefore
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completely licit to consider. The Fourier series, Eq. (5),
is now

f(x) =
∞∑

j=−∞

(∫ L/2

−L/2

1√
L

exp
[
−i

2π

L
jx

]
f(x) dx

)

× 1√
L

exp
[
i
2π

L
jx

]
. (11)

Bearing in mind that the spacing ∆k between consecu-
tive values of kj is

∆k = kj+1 − kj =
2π

L
, (12)

we can rewrite expression (11) as

f(x) =
∞∑

k=−∞

∆k

(∫ L/2

−L/2

1√
2π

exp [−ikx]

× f(x) dx

)
1√
2π

exp [ikx]. (13)

From expression (12) we see that as L increases, the
spacing ∆k between consecutive values of the discrete
variable k becomes smaller. In the limit L →∞, where
the function f(x) is defined in the whole real axis, ∆k

tends to 0. Therefore, in that limit, k becomes a continu-
ous variable and the series in expression (13) approaches
the integral:

f(x) =
∫ ∞

−∞

(∫ ∞

−∞

1√
2π

exp [−ikx]f(x) dx

)
× 1√

2π
exp [ikx] dk. (14)

Defining

F (k) :=
1√
2π

∫ ∞

−∞
exp [−ikx]f(x) dx, (15)

we can write

f(x) =
1√
2π

∫ ∞

−∞
exp (ikx)F (k) dk. (16)

The function F (k) is the Fourier transform of f(x).
Correspondingly, expression (16) defines the inverse
Fourier transform of F (k). Many of the properties of
the Fourier transform and the inverse Fourier transform
follow directly from their definitions. For an exhaustive
list of these properties, see, e.g., [1] or [2].

As an example, let us consider the rectangle function
of width 4 and height 1,

f(x) =
{

1 |x| < 2,
0 |x| > 2.

(17)

Its Fourier transform, Eq. (15), can be easily calculated,

F (k) =

√
2
π

sin 2k

k
. (18)

The function (17) and its Fourier transform (18) are dis-
played in Fig. 3.

f(x)

x

−2 0 2

1
2

F (k)

k
−5 0 5

1

Figure 3: Rectangle function (17) and its
Fourier transform (18), which is proportional to
the sinc function [sinc(x) := sin(x)/x].

4 The discrete Fourier transform
(DFT)

Because of the digital nature of most modern devices,
in practice it is very frequent to work with sampled
data, such as a digital image, an audio signal or data
sets from measuring devices. In this Section we will
see how Fourier analysis can be routinely applied to
single-variate functions by means of the so-called dis-
crete Fourier transform (DFT).

Let us consider periodic complex-valued functions
f(x) with period L, which are sampled at N equally
spaced grid points xn in the interval (0, L):

fn = f(xn), n = 0, 1, . . . N − 1,

xn = n∆, ∆ =
L

N
,

where ∆ is the spacing between consecutive points. We
will use the same symbol, fn, to indicate both the sam-
pled function and its values f(xn) at the grid points.
The set of values which results from the sampling of
the function will be referred to as a discrete function.
The point xN is at a distance L from x0 and therefore
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fN = f0. Thus, fn is periodic with period N . No-
tice that each discrete function fn can be considered as
a complex vector of N components, i.e. a vector of the
N -dimensional complex space CN .

Correspondingly, each of the plane waves intro-
duced in expression (3) will be represented by its values
at the set of grid points:

φjn = φj(xn) =
1√
L

exp
(

i
2π

L
jxn

)
=

1√
N∆

exp
(

i
2π

N
jn

)
. (19)

In order to take advantage of orthogonality proper-
ties of our discrete plane waves, we need to use an ade-
quate scalar product. We will adopt the customary scalar
product in CN ,

〈φj′n|φjn〉 =
N−1∑
n=0

φ∗j′nφjn. (20)

To ensure that the discrete plane waves are normalized
to unity, we need to redefine their normalization con-
stant, and set

φjn =
1√
N

exp
(

i
2π

N
jn

)
. (21)

Then, from expression (20),

〈φj′n|φjn〉 =
1
N

N−1∑
n=0

exp
[
i
2π

N
(j − j′)n

]
. (22)

Let us verify that the right-hand side of this equation
equals δj′j . If j′ = j all the terms equal unity, so the
summation equals N and 〈φj′n|φjn〉 = 1. When j 6= j′,
a plot of the different terms in the summation of Eq. (22)
shows that their sum is null, by symmetry. Therefore,
〈φj′n|φjn〉 = δj′j . This is illustrated in Fig. 4, which
corresponds to the case j − j′ = 1 and N = 5.

We can therefore express any discrete function fn as
a linear combination of discrete plane waves:

fn =
N−1∑
j=0

Fjφjn, (23)

with

Fj = 〈φj |fn〉 =
1√
N

N−1∑
n=0

fn exp
(
−i

2π

N
jn

)
. (24)

Equation (24) defines the discrete Fourier transform
(DFT) of the discrete function fn, and Eq. (23) de-
fines the inverse discrete Fourier transform. Note that

fn is the value of the original function at xn = n∆,
while Fj is the value of the DFT at the wavenumber
kj = j2π/N∆. Indeed, sampling the original function
in N equally spaced grid points in the interval (0, L)
induces the sampling of the DFT at N equally spaced
values, kj , in the interval (0, 2π/∆). It can be easily
seen that, similarly to the original function fn, the dis-
crete Fourier transform Fj is periodic with period N .

Re

Im

n = 0

n = 1

n = 2

n = 3

n = 4

Figure 4: Complex-plane plot of the phases in
the summation (22) for the case j − j′ = 1 and
N = 5. From the symmetry of the plot it is clear
that the sum vanishes.

In practice, the DFT, Fj , is calculated at the points
j = 0, . . . , N − 1. However, in order to evidence its
properties and to clarify its relationship with the contin-
uous Fourier transform, it is convenient to tabulate it in
the centered interval j = −N/2, . . . , N/2. Since Fj is
periodic with period N , FN−j = Fj , the values of the
DFT in the centered interval are the same as the values
of the one-sided interval with j = 0, . . . , N − 1.

Equation (23) is now equivalent to

fn =
1√
N

N/2∑
j=−N/2+1

Fj exp
(

i
2π

N
jn

)
, (25)

where only wavenumbers kj with |kj | < kcrit := π/∆
are included in the sum. The upper limit kcrit is known
as the critical wavenumber. Similarly, we can write

Fj =
1√
N

N/2∑
n=−N/2+1

fn exp
(
−i

2π

N
jn

)
. (26)

Notice, that the expressions (26) and (25) of the di-
rect and inverse DFT differ only in a global complex
conjugation. Thus, with minor modifications, a subrou-
tine that calculates the direct DFT can also be utilized to
calculate the inverse DFT.
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5 Relationship of the DFT with the
other forms of Fourier analysis

Let us now analyze the relationship between the DFT
and the two other variants of Fourier analysis we have
presented, namely the Fourier series and the continu-
ous Fourier transform. Understanding this relationship
is crucial to match the DFT with the continuous Fourier
transform at the sample points. Moreover, an explana-
tion of phenomena of interest in image treatment, for
instance aliasing, emerges naturally from our analysis.

Let us first consider the relationship between the
DFT and the Fourier series. Note that the Fourier se-
ries, Eq. (5), is exact, because it includes components
of arbitrary wavenumber kj = j2π/L. However, the
N-point DFT, Fj , only has components with wavenum-
ber kj smaller than kcrit, because j runs from −N/2 to
N/2.

Introducing the Fourier series, Eq. (5), in the def-
inition of the DFT, Eq. (24), and reordering terms we
obtain

Fj =
1√
∆

∞∑
j′=−∞

cj′

(
1
N

N−1∑
n=0

exp
[
i
2π

N
(j′ − j)n

])
.

(27)
As indicated above, the quantity in parenthesis is unity
when j′ − j is an integer multiple of N and zero other-
wise. Therefore,

Fj =
1√
∆

(cj + cj−N + cj+N + cj−2N

+ cj+2N + · · ·). (28)

Evidently, the value Fj , in general, is not equal to the
cj component of the Fourier series, because Fj has
contributions of all components cj′ such that j′ − j
is an integer multiple of N . This is the origin of the
so-called aliasing effect, which results from compo-
nents with large wavenumber contributing to compo-
nents with small wavenumber. The only circumstance
in which aliasing does not occur is when Fj = cj/

√
N .

That is, when all Fourier components of the original
function f(x) have wavenumbers that are smaller (in
module) than the critical wavenumber.

Let us now analyze the relationship of the DFT with
the continuous Fourier transform. Let f(x) be a func-
tion defined in the whole real axis but with non-zero val-
ues only in a finite interval (xa, xb). To calculate the
DFT, we will replace f(x) with a periodic function of
period L = xb − xa which equals the original function
in (xa, xb). We will sample this function in N points xn

in the interval (0, L), xn = n∆ with ∆ = L/N .

Starting from the DFT, Eq. (24), we can define the
continuous function

f̃(x) =
1√
N

N/2∑
j=−N/2+1

Fj exp
(

i
2π

N
j

x

∆

)
, (29)

which is periodic with period L and reproduces the val-
ues fn at the grid points. Notice that when f(x) varies
smoothly with x we can consider f̃(x) as a local ap-
proximation to the original function in (xa, xb). Thus,
the DFT can be used as an interpolation method.

Inserting the expressions

kj =
2π

L
j, ∆k =

2π

L
, F̃j :=

1√
2πN

LFj (30)

in the expansion (29), we can write

f̃(x) =
1√
2π

N/2∑
j=−N/2+1

F̃j exp (ikx)∆k. (31)

Now, comparing expression (31) with the definition of
the continuous inverse Fourier transform, Eq. (16), we
conclude that, for large enough values of N ,

F (kj) = F̃j =
1√

2πN
LFj . (32)

This is the sought relationship between the DFT and the
continuous Fourier transform.

6 Two-dimensional DFT
We now consider complex-valued sampled functions
f(xn, ym) = fnm of two real variables x and y, peri-
odic in x and y with periods Lx and Ly , respectively.
These functions are sampled in an N ×M grid,

xn = n∆x, ∆x =
Lx

N
, n = 0, 1, 2, · · · , N − 1

ym = m∆y, ∆y =
Ly

M
, m = 0, 1, 2, · · · ,M − 1.

The space CLM of these functions can be regarded as
the direct product of two spaces, CL and CM , of peri-
odic complex-valued functions of a real variable. The
set of plane waves

φjlnm = φjl(xn, ym)

=
1√
LM

exp
[
i2π

(
jn

N
+

lm

M

)]
(33)

provides an orthonormal basis for CLM . Following the
same reasoning as in Section 4, we can verify that the

Opt. Pura Apl. 41 (1) 31-41 (2008) -36- c© Sociedad Española de Óptica
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DFT of a two-dimensional function fnm is

Fjl =
1√
NM

N−1∑
n=0

M−1∑
m=0

fnm

× exp
[
−i2π

(
jn

N
+

lm

M

)]
. (34)

We can rewrite this expression as

Fjl =
1√
NM

N−1∑
n=0

exp
[
−i2π

jn

N

]

×
M−1∑
m=0

fnm exp
[
−i2π

lm

M

]
. (35)

For a given n, the second summation is basically a one-
dimensional DFT. Analogously, the first summation is a
DFT of the resulting data.

If our two-dimensional sampled function fnm is an
image, we can calculate its DFT by first performing the
DFT of each column of the image, and, then, the DFT
of each row of the transformed data. Proceeding in this
way, we must perform N + M DFTs.

7 The FFT algorithm
In this Section we will present a numerical method
to efficiently evaluate an N -point DFT, known as the
Fast Fourier Transform (FFT), see, e.g., Ref. [4]. This
method was originally used by Gauss around 1805 to in-
terpolate the trajectories of the asteroids Pallas and Juno.
The algorithm gained popularity in 1965, when Cooley
and Tukey described it in a form convenient for imple-
mentation in a digital computer. For a brief historical
overview of the FFT, see Ref. [5].

As we will see in a moment, the FFT algorithm as-
sumes that the number of points, N , is a power of 2.
The virtue of the FFT is that it requires only of the order
of N log2 N operations to calculate the N -point DFT,
whereas direct evaluation using expression (24) would
require of the order of N2 operations.

Let fn be the values of a complex-valued func-
tion sampled at N equally spaced points in the interval
(0, L). We will now consider the DFT of fn, Eq. (24),

Fj =
N−1∑
n=0

fn exp
(
−i

2π

N
jn

)
. (36)

Note that: 1) we left out the factor 1/
√

N , which will be
reinserted later, and 2) the index n runs from 0 to N−1.
Introduciong the complex quantities

WN = exp
(
−i

2π

N

)
, (37)

expression (36) can be written as

Fj =
N−1∑
n=0

fnW jn
N . (38)

It is now clear that, if the quantities W jn
N are precal-

culated, N products of complex numbers are necessary
to evaluate each Fj . Therefore, to evaluate all Fj com-
ponents of the DFT, with j running from 0 to N − 1,
we need N2 products. This makes direct evaluation of
expression (38) too slow for practical uses.

In 1942 Danielson and Lanczos noticed that an N -
point DFT can be expressed as a sum of two N/2-point
DFTs. Indeed, rearranging terms in expression (36) we
can write

Fj =
N/2−1∑

n=0

f2n exp
(
−i

2π

N
j2n

)

+
N/2−1∑

n=0

f2n+1 exp
(
−i

2π

N
j(2n + 1)

)

=
N/2−1∑

n=0

f2n exp
(
−i

2π

N
j2n

)

+W j
N

N/2−1∑
n=0

f2n+1 exp
(
−i

2π

N
j2n

)
= F 0

j + W j
NF 1

j , (39)

where the superscripts 0 and 1 label DFTs of the N/2
sampled values in even and odd positions, respectively.
The real power of the idea of Danielson and Lanczos
lies in its recursivity. We can use it again to write each
N/2-point DFT as a weighted sum of two N/4-point
DFTs:

Fj =
[
F 00

j + W j
N/2F

01
j

]
+ W j

N

[
F 10

j W j
N/2F

11
j

]
,

(40)
where

W 2j
N = exp

(
−i

2π

N
2j

)
= W j

N/2.

If N is a power of two, N = 2p, repeating the process
p times allows us to express an N -point DFT as a sum
of N 1-point DFTs. From expression (36) it is clear that
the values of 1-point DFTs equal the values of the orig-
inal function, for example

F 0101001···10
j = fn. (41)

The algorithm we have sketched is, essentially, the
FFT. The number of operations necessary for com-
plete evaluation of an N -point FFT is of the order of
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N log2 N , which is much smaller than N2 for large
enough values of N . For instance, consider N = 220

(the number of pixels in a 1024 × 1024-pixel image).
Direct evaluation of the DFT would require of the order
of 1.1 · 1012 operations, while the FFT would only need
about 3 · 107 operations, thus also reducing numerical
round-off errors.

To illustrate the practical details in the calculation
of the FFT, we will consider the 8-point FFT as an ex-
ample. Applying the Danielson and Lanczos idea three
times we will now express the 8-point FFT in terms of
1-point FFTs. For the sake of clarity, we will write ex-
plicitly which fn contributes to which Fj by indicating
the index n in parenthesis. Thus,

Fj =
{[

F
000(0)
j + W j

N/4F
001(4)
j

]
+ W j

N/2

[
F

010(2)
j + W j

N/4F
011(6)
j

]}
+W j

N

{[
F

100(1)
j + W j

N/4F
101(5)
j

]
+ W j

N/2

[
F

110(3)
j + W j

N/4F
111(7)
j

]}
. (42)

When programming the FFT algorithm, it is crucial to
know the sequence of zeroes and ones that corresponds
to a given n. The case we are considering shows that
the trick is extremely simple: inverting the sequence of
zeroes and ones yields n in binary. This is known as bit
reversal. The following list shows the bit reversal order
for N = 8 values:

000 −→ 000 −→ 0
001 −→ 100 −→ 4

}
010 −→ 010 −→ 2
011 −→ 110 −→ 6

}


100 −→ 001 −→ 1
101 −→ 101 −→ 5

}
110 −→ 011 −→ 3
111 −→ 111 −→ 7

}



Notice that reverse-bit ordered indices are very conve-

niently arranged. Comparing the previous list with ex-
pression (42) it is clear that adjacent 1-point DFTs are
used to build the 2-point DFTs. In the same way, adja-
cent 2-point DFTs are used to build the 4-point DFTs.
This process is repeated until eventually obtaining the
N -point DFT.

In practice, bit reversal ordering is frequently imple-
mented by means of the following recursion:

r(0) = 0, r(1) =
N

2
,

r(2n) =
r(n)

2
,

r(2n + 1) = r(2n) + r(1). (43)

It can be verified that this recursion does work for values
of N that are powers of 2.

7.1 Numerical procedure
In this section we describe the implementation of the
FFT algorithm in the Java programming language. Fig-
ure 5 contains the source code of calculateFFT(),
a Java method that calculates unidimensional DFTs
with the FFT algorithm. For referencing purposes,
the lines of the code have been numbered. Method
calculateFFT() has been adapted from a Fortran
subroutine written by Steve Kifowit (which is available
at http://faculty.prairiestate.edu/skifowit/fft/fft.zip).

The method takes four arguments: x[] and y[] are
arrays containing the real and the imaginary part of the
data, respectively, n is an integer which indicates the
length of the data arrays, and sign is a flag, which is
given the value −1 to calculate the inverse FFT and +1
to calculate the direct FFT.

In lines 5 to 10 we declare the variables that will be
used. In lines 12 to 14 the method checks wether n is
a power of 2. If it is not, the control is returned to the
main program.

As we have mentioned in Section 4, the only differ-
ence between the calculation of the inverse DFT and of
the direct DFT is a complex conjugation, and multipli-
cation by a constant. Lines 16 to 19 of the code complex
conjugate the input data if sign equals −1.

Lines 21 to 41 do the bit reversal ordering, using
an elaborate implementation of the recursion (43). The
interested reader can easily verify that for small n the
code does the job. The FFT algorithm described above
in the present Section is implemented in lines 43 to 68.
Finally, if calculating the inverse DFT, data is complex
conjugated and renormalized in lines 70 to 75. Note
that, on output, the arrays x and y contain, respectively,
the real and imaginary parts of the DFT.

In the code, data fn are assumed to be sampled on
the uniformly spaced grid

xn = n∆, n = 0, · · · , N − 1 ∆ =
L

N
.

As we saw in Section 4, sampling the function in the in-
terval (0, L) gives the DFT sampled at equally spaced
points kj in (0, 2π/∆). However, it may be conve-
nient to display the DFT in a symmetric interval around
kj = 0. Since the DFT is a periodic function, we only
need to shift the second half of it to the left of the first
half.

In Section 5 we deduced the relationship between
the DFT and the continuous Fourier transform, expres-
sion (32). In order to make the obtained FFT match the
continuous Fourier transform in the grid points, we must
multiply each value Fj by the factor L/

√
2πN and by

the factor 1/
√

N we left out in expression (36).
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1 void calculateFFT(double x[],

2 double y[], int sign ,

3 int n)

4 {

5 double ur , ui, c, s, tr,

6 urt ,xtemp , ytemp ,

7 l2n=Math.log(n)/Math.log(2);

8

9 int l2n = 0, nm1 = n -1, j = 1,

10 k, le , le1 , ip;

11

12 //Check if n is a power of two

13 if(l2n - ((int) l2n) > 1e-4 )

14 return;

15

16 // Conjugate if necessary

17 if(sign == -1)

18 for(int i=0; i<n; i++)

19 y[i] = -y[i];

20

21 // Bit reversal ordering

22 for(int i = 1; i < nm1; i++)

23 {

24 if(i<j)

25 {

26 xtemp = x[j-1];

27 x[j-1] = x[i-1];

28 x[i-1] = xtemp;

29

30 ytemp = y[j-1];

31 y[j-1] = y[i-1];

32 y[i-1] = ytemp;

33 }

34 k = n/2;

35 while(k>1 && k < j )

36 {

37 j = j-k;

38 k = k/2;

39 }

40 j = j+k;

41 }

42

43 // Main Loop

44 for(int l=1; l<=l2n; l++)

45 {

46 le = (int) Math.pow(2,l);

47 le1 = le/2;

48 ur = 1.0;

49 ui = 0.0D;

50 c = Math.cos(Math.PI/le1);

51 s = -Math.sin(Math.PI/le1);

52 for(int j=1; j<=le1; j++)

53 {

54 for(int i=j; i<=n; i=i+le)

55 {

56 ip = i+le1;

57 tr = x[ip -1]*ur -y[ip -1]*ui;

58 ti = x[ip -1]*ui+y[ip -1]*ur;

59 x[ip -1]=x[i-1]-tr;

60 y[ip -1]=y[i-1]-ti;

61 x[i-1] = x[i -1]+tr;

62 y[i-1] = y[i -1]+ti;

63 }

64 urt = ur;

65 ur = urt*c-ui*s;

66 ui = urt*s+ui*c;

67 }

68 }

69

70 // Conjugate if necessary

71 if(sign == -1)

72 {

73 for(int i=0; i<n; i++)

74 y[i] = -y[i];

75 }

76 }

Figure 5: Source code of calculateFFT(), a Java method to calculate the FFT of n data, with n a
power of 2.

7.2 FFT in two dimensions

Consider the calculation of the FFT of an image of
N × M pixels, with N and M powers of two. In-
spection of expression (35) shows that we can calcu-
late the sought two-dimensional FFT by first calculating
the FFTs of the data rows, followed by the FFTs of the
columns of transformed data. Obviously, we can also
start with the column-FFT and finish with the row-FFT.

There exist sophistications and performance tweaks
for multidimensional FFTs. However, direct calculation
of the two-dimensional FFT with the approach we have
sketched is fully operational and fast enough.

8 Computer programs

The FFT code package prepared for this arti-
cle consists of two interactive Java programs,
named Fourious and Transf. The Java archive
files (.jar) of these programs are available at
http://www.ub.edu/javaoptics/contributed/. To run the
programs, the Java Runtime Environment (JRE), ver-
sion 1.4 or higher, must be installed on the computer.

The program Fourious is a learning tool for the one-
dimensional FFT, which is based on Dave Hale’s FFT-
Lab, http://sepwww.stanford.edu/oldsep/hale. The pro-
gram uses the plot class of the Open Source Physics
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package, http://www.opensourcephysics.org. The pro-
gram window contains the tabs “Analytical functions”
and “Free style”, see Figs. 6 and 7 below. The first tab
allows the user to exercise with the DFT of analytical
real functions, sampled within a given interval. The
user can define the interval limits as well as the num-
ber N of sample points. Allowed values of N are the
powers of two between 4 and 512. The supported func-
tions are those definable with the Open Source Physics
package (for details, see the documentation of that pack-
age), which include the intrinsic functions of most mod-
ern programming languages, as well as the step and sign
functions, step(x) and sign(x), respectively. The
function definition syntax is essentially that of the C lan-
guage. The shah function (“comb” of deltas), which is
useful to describe periodic arrangements, can also be
transformed and visualized by activating its radio but-
ton. Once the function and the sampling interval have
been defined, the program tabulates the DFT on the
wavenumber interval (−kcrit, kcrit) and displays its real
and imaginary parts on separate plots. At this point, the
user can reduce the window width of the sampling inter-
val of either the original function, the real or the imag-
inary DFT parts. When reducing a window width, the
values outside the window limits are set to zero. This al-
lows direct visualization of both the effect of filtering in
Fourier space or the result of truncation in direct space.
Figure 6 shows the Fourious window for the case of a
Gaussian function (upper screenshot) and the result ob-
tained after narrowing the window. Notice that the DFT
of the truncated Gaussian resembles the sinc function,
which is the Fourier transform of the rectangle function,
see Fig. 3. Narrowing the window induces oscillations
in the real part of the DFT. Note that the imaginary part
consists essentially of random numerical errors (of the
order of double precision sensitivity, ∼ 10−15).

The second tab of the program Fourious, “Free
style”, allows a qualitative hands-on approach to the
DFT. The program considers a complex-valued func-
tion f(x) sampled at 32 points, fn = f(xn); the real
and imaginary parts of the function fn and its DFT
Fj = F (kj) are displayed in four separate plots us-
ing slide bars. The limits of the vertical axes are in-
dicated in the “Max” and “Min” labels at the right of
each plot. The starting point corresponds to the null
function, fn = 0. The user can either select one of the
three predefined functions [cos(x), sin(x) and step(x)]
or modify any of the four plots by dragging the knobs
of the slidebars or, if the “Hover edit” option is enabled,
by simply moving the mouse over the plot area (with
no buttons pressed). When a function value is modified,
the program automatically accommodates the four plots,
showing the effect of the modification in real time. The

position of the points xn and kj at which the functions
are sampled depend on the position of the origin, which
can be changed through a sliding bar. Initially, the origin
is at the leftmost position of the plots, so that the func-
tion and DFT values are those of the one-sided intervals
(0, 31); when the origin is placed at the central point, the
displayed function values are those corresponding to the
centered interval (−15, 15). Displacing the position of
the origin shows the effect of the induced phase shift.

Figure 6: Screenshot of Fourious displaying a
Gaussian function and its DFT (upper plot) and
the same function truncated at x = ±1. All
the functionality of the program is controlled
through the elements shown in the window.
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Figure 7: Screenshot of the second tab in Fou-
rious, showing the DFT of the real double-step
function defined in the two upper plots.

The second program, Transf, performs the FFT of an
image (see Fig. 8) and allows the application of a square
low-pass filter. The program can only process gray-scale
images. However, it can read both gray-scale and color
images in most of the common formats (jpeg, gif, png,
bmp, . . . ). Color images are immediately converted to
gray-scale. The loaded image is inserted in the upper-
left corner of the closest rectangle with sides of N and
M pixels, both powers of two. The program pads the
“empty” space, if any, in the rectangle with black pixels
and displays the resulting image in the first tab.

When the image has been set, Transf calculates its
two-dimensional DFT and displays its modulus in the
third tab. In practice, the values of the DFT modulus
usually differ by many orders of magnitude, with the re-
sult that its two-dimensional plot only shows the highest
values as white pixels in a black background. To pro-
vide more visible information on the DFT, it is practical
to consider the decimal logarithm of the modulus, which
is displayed in the second tab of the Transf window. Fig-
ure 8 shows an example of the Transf window with the
famous image of Lena Söderberg.

The loaded image can be subjected to a square low-
pass filter, and the result is displayed in a separate win-
dow, see Fig. 9. The filter size can be changed with a
slide bar. The program automatically recalculates the
filtered image after changing the filter size. This opera-
tion is almost instantaneous for medium size images (up
to 512× 512 pixels), but may last for a few seconds for
larger sizes, depending on computer speed. To improve
visibility, filtered images are displayed using the whole
range of gray tones (0–255). Therefore images that were
originally dull will appear brighter.

Figure 8: Screenshot of Transf displaying an
image fnm (left), the modulus of its DFT, |Fjl|
(right), and its decimal logarithm, log10 |Fjl|
(middle). Notice that in the right image, |Fjl|,
only the central pixel is lighted.

Figure 9: Screenshot of the Transf filter win-
dow, showing the image that results from apply-
ing the square low-pass filter (defined in the right
pane) on the original image shown in Fig. 8.

In conclusion, I have presented a consistent formu-
lation of Fourier analysis, and described the codes Fou-
rious and Transf, which calculate and display the FFT
of one-dimensional and two-dimensional functions, re-
spectively. I hope that this succinct presentation and my
programs will be helpful to those that, like me, need to
use the FFT and wish to start by understanding the stuff
inside the “black box”.
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