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ABSTRACT:

Theory of coherence and polarization in stationary random electromagnetic fields is reviewed.
Degree of coherence for electromagnetic fields is examined in the space–time domain and the con-
ditions for complete coherence are discussed. The space–time domain correlation matrix is then
transformed to the corresponding space–frequency domain quantity, the cross-spectral density ma-
trix, which is then employed in defining the degree of spectral coherence and the coherent-mode
representation for partially coherent electromagnetic fields. Theory is then employed in the co-
herence study of laser resonators. Relations between the degree of polarization and the degree of
coherence is briefly discussed.
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[13] T. Saastamoinen, J. Turunen, J. Tervo, T. Setälä, and A. T. Friberg, “Electromagnetic coherence theory of laser
resonator modes”,J. Opt. Soc. Am. A22, 103–108 (2005).

[14] T. Seẗalä, K. Lindfors, M. Kaivola, J. Tervo, and A. T. Friberg, “Intensity fluctuations and degree of polariza-
tion in three-dimensional thermal light fields”,Opt. Lett.29, 2587–2589 (2004).

[15] E. Wolf, “Optics in terms of observable quantities”,Nuovo Cimento12, 884–888 (1954).

[16] P. Roman and E. Wolf, “Correlation theory of stationaryelectromagnetic fields, Part I: The basic field equa-
tions”, Nuovo Cimento17, 462–476 (1960).

[17] F. Gori, “Matrix treatment for partially polarized, partially coherent beams”,Opt. Lett.23, 241–243 (1998).

[18] F. Gori, M. Santarsiero, S. Vicalvi, R. Borghi, and G. Guattari, “Beam coherence-polarization matrix”,Pure
Appl. Opt.7, 941–951 (1998).

[19] F. Zernike, “The concept of degree of coherence and its application to optical problems”,Physica5, 785–795
(1938).

[20] B. Karczewski, “Degree of coherence of the electromagnetic field”, Phys. Lett.5, 191–192 (1963).

[21] B. Karczewski, “Coherence theory of the electromagnetic field”, Nuovo Cimento30, 906–915 (1963).

[22] G. A. Korn and T. M. Korn,Mathematical Handbook for Scientists and Engineers, Dover, New York, (2000),
Sec. 13.2.

[23] C. L. Mehta, E. Wolf, and A. P. Balachandran, “Some theorems on the unimodular complex degree of optical
coherence”,J. Math. Phys.7, 133–138 (1966).

[24] E. Wolf, “Comment on ‘Complete electromagnetic coherence in the spacefrequency domain’”,Opt. Lett.29,
1712 (2004).
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1.- Introduction
In scalar theory of partial coherence [1], the

behavior of an optical field is described as a scalar
random process. The central quantities of the the-
ory are the mutual coherence function, that describes
the correlations in the space–time domain, and its
space–frequency counterpart, the cross-spectral den-
sity function [2]. In addition, their normalized ver-
sions, the degree of coherence and the degree of spec-
tral coherence, are the measures of the strength of cor-
relations and provide us with the quantitative knowl-
edge of coherence in a random scalar field.

Even though the scalar theory is extremely use-
ful in many practical cases, it naturally fails to de-
scribe any phenomena arising from the vectorial na-
ture of light, such as polarization. The polariza-
tion of light is of particular importance, for exam-
ple, in connection to fiber optics [3], near-field optics
and near-field microscopy [4], and the interaction be-
tween light and matter [5], and therefore the scalar co-
herence theory cannot be applied to these topics, and
many more. Instead, one must employ the electro-
magnetic field representation, which, in general, leads
to a six-component vectorial random process. As is
well known, the components are globally connected
by Maxwell’s equations which govern the propaga-
tion and polarization of the electromagnetic field.

Recently two new measures for coherence and
polarization were introduced. The first of them,
namely, the degree of polarization for fields oscillat-
ing in all three dimensions [6,7] may be viewed as the
generalization of the classical degree of polarization
for planar-like fields [1, 8]. The second one, called
the degree of coherence for electromagnetic fields [9]
combines the correlations of electromagnetic fields
into a single quantity characterizing the coherence in
the space–time domain.

In this article, we take a look at the recent work
that has arisen from these two definitions, draw con-
nections between them and discuss their implications.
The article is organized as follows: In Section 2, we
recall the foundations of coherence matrices in the
space–time domain, and briefly discuss different di-
mensionalities of the field. In Section 3, we define the
degree of coherence for electromagnetic fields [9] and
compare it to quantities introduced in earlier works.
We also discuss the methods for measuring the degree
of coherence by classical Young’s interference exper-
iment and by intensity interferometry. In Section 4,
three conditions for complete electromagnetic coher-
ence in the space–time domain [10] are represented.

In Sections 5–7, the attention is turned to the
space–frequency domain field description. The cross-
spectral density matrix is first defined in Section 5

by using the knowledge of the mutual coherence
matrix, after which the space–frequency counterpart
of the degree of coherence for electromagnetic field
is introduced. The equivalence condition for com-
plete coherence in the space–frequency domain [11]
is also represented. In Section 6, the coherent-mode
representation for partially coherent electromagnetic
fields in the space–frequency domain, as well as the
representation of the cross-spectral density matrix
as a correlation-matrix function [12], is discussed.
This theory is then employed in Section 7, to de-
rive the electromagnetic coherence theory of laser res-
onators [13] and to connect the new degrees of coher-
ence for electromagnetic fields into a physical phe-
nomenon, namely, the laser radiation.

In Sections 8 and 9, the phenomenon of partial
polarization and its relation to the partial coherence is
examined. The first of these two Sections is devoted
to the space–frequency analysis of two and three-
dimensional [6, 7] polarization phenomena, whereas
in Section 9, the relation between the space–time de-
grees of polarization and intensity fluctuations [14] is
studied.

2.- Electromagnetic coherence in the
space–time domain

It has been known for quite a long time that
the second-order correlation properties of a station-
ary random electric field propagating in free space are
completely described by a3 × 3 (electric) mutual co-
herence matrix [15]

E(r1, r2, τ) =
〈

E
∗(r1, t)E

T(r2, t + τ)
〉

, (1)

whereE(r, t) is the vectorial complex analytic sig-
nal representation of the electric field at positionr

and at time instantt. Here the angle brackets denote
ensemble average, the asterisk denotes the complex
conjugation, andτ is the time difference. We note
that the electric field is expressed as a column vector,
E

T being its transpose. Note that for ergodic fields,
the ensemble average may be replaced by a time av-
erage, and hence in the following considerations the
averages are assumed to be time-averages. In the case
thatr1 = r2 andτ = 0, we obtain a matrix

J (r) =
〈

E
∗(r, t)ET(r, t)

〉

, (2)

that is calledpolarization matrix(also known as a co-
herency matrix).

It is clear that the mutual coherence matrix does
not fully describe the correlations of electromagnetic
field. Instead, also the correlations between the com-
ponents of magnetic field, as well as the correlations
between the components of electric field and mag-
netic field must be known to obtain the full knowl-
edge of second-order correlation properties of electro-
magnetic field [16]. Fortunately in optical region the
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effects arising from the properties of magnetic field
are not dominating and hence we only focus on the
behavior of the electric field. Nevertheless, the in-
formation of the magnetic field, as well as the cross-
correlations between the fields, can be retrieved from
Eq. (1) with help of Maxwell’s equations [1].

In many practical problems encountered in op-
tics, the electric field propagates predominantly in a
well-defined direction, say,z-direction. In such a sit-
uation, thez-component of the electric field is close
to zero and thus the field can be described by a col-
umn vector with only two elements. Also the mutual
coherence matrix then naturally reduces to a2 × 2
matrix (see Refs. [17,18] and [1], Section 8.4). In the
following considerations, we do not assume any spe-
cial geometry without explicitly mentioning it by us-
ing subscripts2 and3 for two-dimensional and three-
dimensional, respectively. In other words, for exam-
ple, E2 would mean2 × 2 matrix, whileE without
subscript can denote either2 × 2 or 3 × 3 matrix. Of
course in certain situations only one of the field com-
ponents is non-vanishing, in which case the matrix-
form may be reduced to a scalar function, which
is called the mutual coherence functionΓ(r1, r2, τ).
Such a situation is clearly obtained in the case that
are dealing with a linearly polarized field, but also
any general elliptical states of polarization may be re-
placed by a scalar function, provided that the state of
polarization is uniform. Of course, for non-linearly
polarized state, a suitable unitary transformation is
needed to obtain a form ofE(r1, r2, τ) that contains
only one non-zero element.

3.- Degree of coherence for electromag-
netic fields

It is well known that in scalar coherence theory,
i.e., for uniformly polarized fields, the complex de-
gree of coherence may be defined simply by normal-
izing the mutual coherence function by the intensities
atr1 andr2 [1]:

γ(r1, r2, τ) =
Γ(r1, r2, τ)

〈I(r1, t)〉1/2〈I(r2, t)〉1/2
, (3)

where〈I(r, t)〉 = Γ(r, r, 0) is the time-averaged in-
tensity atr. The degree of coherence, i.e., the ab-
solute value of the complex degree of coherence, for
optical scalar fields was originally defined as the vis-
ibility of interference fringes in Young’s interference
experiment under the assumption that the intensities
at the pinholes are equal [19]. Some authors have at-
tempted to extend the degree of coherence to cover
also electromagnetic fields in the past. In particu-
lar, Karczewski [20, 21] adopted Zernike’s original
approach and defined the degree of coherence as the
visibility of the fringes also for non-uniformly polar-
ized beam-like fields. Mathematically this leads to

the definition

γEM(r1, r2, τ) =
tr E(r1, r2, τ)

〈I(r1, t)〉1/2〈I(r2, t)〉1/2
, (4)

where now〈I(r, t)〉 = trE(r, r, 0) andtr stands for
the trace operation.

The main difficulty in Karczewski’s approach is
that it may very well give the value zero for com-
pletely correlated electromagnetic fields [9]. In par-
ticular, if the polarization states of the field at the pin-
holes are orthogonal, the visibility of the interference
fringes is always equal to zero, regardless of the cor-
relation properties of the field. If, for example, the
field at the first pinhole is left-handed circularly po-
larized and at the second pinhole it is right-handed
circularly polarized, no interference fringes can be
observed at the screen and, consequently, visibility-
based definition gives the value zero for the degree
of coherence. One could then employ a suitable op-
tical element, such as a half-wave retarder, to con-
vert the handedness of the state of polarization into
the opposite one, at either of the pinholes which nat-
urally would make the fringes to appear, of course
assuming that the field is correlated enough. In other
words, a deterministic optical element would increase
the value of the degree of coherence, which does not
fulfill the commonly understood properties of par-
tially coherent radiation. On the other hand,γEM does
not remain invariant in transformations between co-
ordinate systems, such as between the Cartesian and
spherical polar coordinates which is particularly use-
ful system, e.g., when examining far-field radiation
patterns of various sources.

The above-mentioned physical and mathemati-
cal difficulties may be overcome if we abandon the
visibility-based definition when examining theelec-
tromagneticcoherence phenomenon. I point out that
this does not violate Zernike’s original definition [19],
since it was done by assuming a scalar wave function
which is clearly not valid starting point when describ-
ing effects that arise from the electromagnetic nature
of light. Of course, any new quantity should reduce
to the original scalar definition if the scalar condition
is fulfilled, i.e., if the field is uniformly polarized.

One possibility to obtain a meaningful defini-
tion is thedegree of coherence for electromagnetic
fieldsintroduced in Ref. [9]:

γE(r1, r2, τ) =
{tr [E(r1, r2, τ)E(r2, r1,−τ)]}1/2

〈I(r1, t)〉1/2〈I(r2, t)〉1/2

=

[
∑

i,j |Ei,j(r1, r2, τ)|2
]1/2

〈I(r1, t)〉1/2〈I(r2, t)〉1/2
. (5)

In other words,γE is proportional to the Frobenius
norm [22] (also known as the Hilbert–Schmidt norm)
of the coherence matrix or, equivalently, to the RMS
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average of the elements of the coherence matrix. Note
that in the summations appearing in Eq. (5)(i, j) =
(x, y) or (i, j) = (x, y, z) depending on the assumed
geometry. In contrast toγEM, the quantityγE is a
real number satisfying the condition0 ≤ γE ≤ 1. It
is easily shown that the lower limit is obtained if, and
only if, all of the components of the electric field are
completely uncorrelated atr1 andr2 and at the time
differenceτ . On the other hand, the upper limit is
analogously obtained if, and only if, all the compo-
nents are perfectly correlated at the examined points
and at the same time difference.

It is easily shown [9] thatγE remains invari-
ant in (unitary) coordinate transformations. More im-
portantly, for uniformly polarized fields,γE reduces
to the classical scalar definition, i.e., to|γ| in which
caseγE is obtained from a single visibility measure-
ment. For general, non-uniform polarization states
(for two-dimensional fields), the measurement of the
2 × 2 coherence matrix must be performed in four
steps [9,17]:

1. Linear polarizers are placed immediately be-
hind two slits at r1 and r2 such that the
y-component is absorbed by the polariz-
ers. Visibility measurement gives the element
Exx(r1, r2, τ).

2. Both polarizers are rotated byπ/2 radi-
ans. Visibility measurement gives the element
Eyy(r1, r2, τ).

3. The polarizer behind the first slit is again ro-
tated such that they-component is absorbed. A
suitable rotator, such as a half-wave plate is em-
ployed behind this polarizer to rotate the field
by π/2 radians. Visibility measurement gives
the elementExy(r1, r2, τ).

4. Both polarizers are rotated byπ/2 radians and
the rotator is used as in previous step. Visibility
measurement gives the elementEyx(r1, r2, τ).

After the measurement, the value ofγE is straightfor-
wardly obtained from Eq. (5).

In a fortunate case that the statistics of the field
is known to obey Gaussian statistics, it is possi-
ble to employ the relation between the elements of
the coherence matrix and the intensity fluctuations
∆I(r, t) = 〈I(r, t)〉 − I(r, t) [1] which yields,

γE(r1, r2, τ) =
〈∆I(r1, t)∆I(r2, t + τ)〉1/2

〈I(r1, t)〉1/2〈I(r2, t)〉1/2
. (6)

Note thatexactly the same relationholds between the
scalar degree of coherence and the intensity fluctua-
tions, i.e.,

|γ(r1, r2, τ)| =
〈∆I(r1, t)∆I(r2, t + τ)〉1/2

〈I(r1, t)〉1/2〈I(r2, t)〉1/2
. (7)

Equation (6) provides us a method to employ intensity
interferometry [1] in the measurement of the degree
of coherence.

4.- Complete coherence in the space–time
domain

In scalar coherence theory, the conditions for
complete coherence in the space–time domain are
well documented [1, 23]. In Ref. [23], Mehtaet al.
derived three theorems, which were extended to the
electromagnetic domain in Ref. [10] by Setäläet al.:

Theorem 1: In the case that at some fixed
point R in a domainD the electromagnetic field is
completely coherent in the sense thatγE(R,R, τ) =
1 for all time differencesτ then, for anyr ∈ D,

E(r,R, τ) = E(r,R, 0) exp(−iω0τ), ω0 > 0
(8)

E(R, r, τ) = E(R, r, 0) exp(−iω0τ), ω0 > 0
(9)

whereω0 is, in general, dependent onR. Note that as
a special case we have

E(R,R, 0) = J (R) exp(−iω0τ), ω0 > 0. (10)

In other words, this theorem states that atr andR,
the coherence matrix is periodic inτ .

Theorem 2: In the case that at a pair of points
R1 andR2 in the domainD is completely mutually
coherent, i.e.,γE(R1,R2, τ) = 1 for all values of
τ , then the field is also self-coherent at the examined
points and the Theorem 1, with the sameω0, holds at
these points. In addition, for anyr ∈ D,

E(r,R2, τ) = E(r,R1, τ)B(R1,R2), (11)

where

Bjk(R1,R2) = Bj(R1,R2)δj,k (12)

and

Bj(R1,R2) = exp[iφjj(R1,R2, 0)]

√

Jjj(R2)

Jjj(R1)
.

(13)
Here φjk(R1,R2, 0), (j, k) = (x, y, z), is the ar-
gument of the (here unimodular) cross-correlation
coefficient between thej and k components of the
field.

Theorem 3: If the field is completely coher-
ent within the domainD, i.e., γE(r1, r2, τ) = 1 for
all r1 andr2 in D and for all time differencesτ , then
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the coherence matrix is expressible in a spatially fac-
tored, time-periodic form

E(r1, r2, τ) = E
∗(r1)E

T(r2) exp(−iω0τ),

(ω0 > 0). (14)

In addition, the field must be strictly monochromatic,
which is an equivalent condition with Eq. (14). The
vector-valued functionE(r) appearing in Eq. (14) is,
apart of a constant phase factor, the complex ampli-
tude of a monochromatic electric field and satisfies
the Helmholtz equation

∇2
E(r) + (ω0/c0)

2
E(r) = 0, (15)

where c0 is the speed of light in vacuum, and
Maxwell’s divergence equation

∇ · E(r) = 0. (16)

5.- Coherence in the space–frequency do-
main

For quasi-monochromatic light, the description
of light propagation one can usually efficiently em-
ploy the space–time representation of Eq. (1). How-
ever, for general random light, whose bandwidth is
not necessarily narrow, the temporal-domain expres-
sion does not provide as much insight to the field be-
havior as is possible. Often it is desirable to find how
the field behaves at different frequencies, for exam-
ple, when inspecting the interaction between the light
and the matter. To this end, let us define the (electric)
cross-spectral density matrix by a Fourier-transform
pair [12]

W(r1, r2, ω) =
1

2π

∫ ∞

−∞

E(r1, r2, τ) exp(iωτ)dτ,

(17)

E(r1, r2, τ) =

∫ ∞

−∞

W(r1, r2, ω) exp(−iωτ)dω,

(18)
which exists practically for all realistic stationary
fields. The lower integration limit in Eq. (18) can also
be replaced by zero because of the assumed analytic
signal representation.

Analogously to the degree of coherence
γE(r1, r2, τ), one may definethe degree of spectral
coherence for electromagnetic fieldsby [11, 12] (see
also Refs. [24,25])

µE(r1, r2, ω) =
{tr [W(r1, r2, ω)W(r2, r1, ω)]}1/2

[S(r1, ω)]1/2[S(r2, ω)]1/2

=

[
∑

i,j |Wi,j(r1, r2, ω)|2
]1/2

[S(r1, ω)]1/2[S(r2, ω)]1/2
,

(19)

whereS(r, ω) = trW(r, r, ω) is the spectral density
of the electric field. The quantityµE(r1, r2, ω) de-
scribes the (spectral-density-weighted) average cor-
relation between the components of the field at an-
gular frequencyω. Similarly to the measurement of
the temporal-domain measure, in the case of a parax-
ial field, alsoµE(r1, r2, ω) can be easily measured by
a series of four visibility measurement. The only dif-
ference to the setup discussed in Section 3 is that one
must employ also a bandpass filter at the pinholes.

Even though the definitions of the measures
γE(r1, r2, τ) and µE(r1, r2, ω) are mathematically
quite similar, the conditions for complete coherence
are physically different from each other. For the
spectral-domain measureµE(r1, r2, ω), the follow-
ing theorem for the complete coherence holds [11]:

Theorem 4: If the field is spatially completely
coherent at angular frequencyω in the sense that
µE(r1, r2, ω) = 1 for all r1, r2 ∈ D then the cross-
spectral density matrix is expressible in a factored
form

W(r1, r2, ω) = F
∗(r1, ω)FT(r2, ω), (20)

where the vector-valued functionF(r, ω) satisfies the
Helmholtz equation

∇2
F(r, ω) + (ω/c0)

2
F(r, ω) = 0, (21)

and Maxwell’s divergence equation

∇ · F(r, ω) = 0. (22)

Thus, the functionF(r, ω) behaves as the complex-
amplitude of a time-harmonic electric field. The con-
dition is reversible: If the cross-spectral density ma-
trix is of a factored form of Eq. (20), then necessarily
µE(r1, r2, ω) = 1.

The condition for complete coherence in the
space–frequency domain has an important implica-
tion: If, at the angular frequencyω, the field is known
to be completely coherent in a certain spatial domain
D, we may at once employ the results derived for
time-harmonic electric fields. One should notice that
the complete coherence in the space–frequency do-
main does not imply a complete coherence in the
space–time domain. Instead, a field that is completely
coherent in the space–frequency domain may very
well be only partially coherent in the space–time do-
main.

6.- Coherent-mode representation of the
cross-spectral density matrix

Let us next consider some well-defined spatial
domainD, which should be finite, although in some
cases the following considerations are valid for infi-
nite two-dimensional domains as well. Under very
general conditions [12, 26] that again are satisfied by
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any realistic field, the cross-spectral density matrix
can be expanded in the domainD as a series [12]

W(r1, r2, ω) =
∑

n

λn(ω)φ∗
n(r1, ω)φT

n (r2, ω),

(23)
whereλn andφn are the eigenvalues and eigenfunc-
tions, respectively, of the homogeneous Fredholm in-
tegral equation
∫

D

W(r1, r2, ω)φn(r1, ω)d3r1 = λn(ω)φn(r2, ω).

(24)
The eigenvalues are real and non-negative, and
the eigenfunctions can be assumed to be orthonor-
mal [12] over the domainD, i.e.,

∫

D

φ†
n(r, ω)φm(r, ω)d3r = δm,n, (25)

where the dagger denotes adjoint andδm,n is the Kro-
necker symbol.

Equation (23) may be viewed as a superposition
of uncorrelated functions

Wn(r1, r2, ω) = λn(ω)φ∗
n(r1, ω)φT

n (r2, ω). (26)

It is easily shown that these functions satisfy the same
variants of Helmholtz equation and Maxwell’s di-
vergence equation which are satisfied by the cross-
spectral density matrix itself. HenceWn(r1, r2, ω)
may be regarded as modes of the cross-spectral den-
sity matrix. In addition, since the modes are of a spa-
tially factored form they are completely coherent in
the space–frequency domain. Thus, analogously to
Wolf’s scalar coherence theory [2], Eq. (23) may be
called as acoherent-mode representationof a random
electromagnetic field in the space–frequency domain.
As was pointed out in previous Section, fields that
are completely coherent in the space–frequency do-
main may be dealt with by exactly the same methods
as time-harmonic electric fields. The theory repre-
sented above thus generalizes this principle to almost
arbitrary partially coherent stationary field. How-
ever, the analytical solutions for the Fredholm inte-
gral equation (23) are rarely found. Thus far, only
the modal decomposition of Gaussian Schell-model
(GSM) beams [12,26] are known in two-dimensional
geometry, whereas in the general, three-dimensional
case, only the coherent-mode decomposition for sta-
tistically homogeneous and isotropic electromagnetic
fields [27], such as blackbody radiation, have been
presented in the literature.

As in Wolf’s scalar theory [2], the coherent-
mode representation may be employed also to show
that the cross-spectral density matrix has a represen-
tation as a correlation-matrix function in the space–
frequency domain:

W(r1, r2, ω) = 〈G∗(r1, ω)GT(r2, ω)〉e, (27)

where{G(r, ω) exp(−iωt)} is an ensemble of time-
harmonic, vector-valued random functions, and the
subscripte is used to denote the ensemble average.
The random functionsG(r, ω) satisfy the Helmholtz
equation and Maxwell’s divergence equation, anal-
ogously toF(r, ω) in Eqs. (21) and (22). Thus,
Eq. (27) provides us a method for adopting the results
derived for time-harmonic electric field directly, i.e.,
also without the use of coherent-mode representation,
to find out the behavior of the cross-spectral density
matrix at the angular frequencyω. This method is em-
ployed in the following Section in resonator analysis
of partially coherent electromagnetic fields.

7.- Coherence theory of electromagnetic
laser resonator modes

Even though the degree of spectral coherence
for electromagnetic fields,µE(r1, r2, ω) is mathemat-
ically convenient quantity that can be easily mea-
sured, we have thus far not connected it to any phys-
ical phenomenon. To examine its suitability for the
general measure for coherence such a connection is
clearly necessary. Since laser light is usually regarded
as spatially highly coherent, it is a natural choice to
study its coherence properties within the framework
of the theory represented in the preceding two sec-
tions.

In 1984 Wolf and Agarwal proved within the
scalar coherence theory that the field inside a single-
mode laser resonator is always spatially completely
coherent at the examined frequency [28]. On the other
hand, if multiple modes are present, the field may be
partially coherent. These intuitively-sounding results
may be expected to hold also in the vectorial case.

Let us begin our analysis by extending the clas-
sical approach by Fox and Li [29] to the vectorial
case. Namely, by expressing the complex amplitude
of a (paraxial) monochromatic field afterj + 1 round
trips inside a polarization-modulating, empty, open
laser resonator in terms of an integral equation

Ej+1(ρ, ω) =

∫

A

L(ρ,ρ′, ω)Ej(ρ
′, ω) d2ρ′, (28)

whereρ = (x, y), A denotes the surface of the first
resonator mirror, andL(ρ,ρ′, ω) is the matrix-form
integral kernel describing the propagation and cou-
pling between the components of the field within a
single round-trip. Let us then insert Eq. (28) into
Eq. (27), and assume a steady-state condition, which
yields an integral equation for the cross-spectral den-
sity matrix:

∫

A

∫

A

L
∗(ρ1,ρ

′
1, ω)W(ρ′1,ρ

′
2, ω)LT(ρ2,ρ

′
2, ω)

× d2ρ′1d
2ρ′2 = σ(ω)W(ρ1,ρ2, ω), (29) 
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whereσ(ω) is a positive real constant describing the
energy loss within a round-trip.

After expressing the resonator kernel-matrix
and its adjoint as biorthogonal expansions [13, 28]
we find from Eq. (29), after a few steps [30], that
the cross-spectral density matrix across the mirrorA
takes on the form [13,30]

W(ρ1,ρ2, ω) =
∑

m,n

Cm,n(ω)ψ∗
m(r1, ω)ψT

n (r2, ω),

(30)
where Cm,n(ω) are complex coefficients such that
the coefficient matrixC(ω) is both Hermitian and
non-negative definite, and the vector-valued functions
ψm(r, ω) are the eigenfunctions of the Fredholm in-
tegral equation

∫

A

L(ρ1,ρ2, ω)ψm(ρ2, ω)d2ρ2

= αm(ω)ψm(ρ1, ω). (31)

Hereαm(ω) denote the complex eigenvalues of the
integral equation. Thus,ψm(r, ω) are the (vectorial)
Fox–Li resonator modes.

Equation (30) reveals us that if only a single
Fox–Li mode is present inside the resonator at the
angular frequencyω, then the cross-spectral density
matrix is of the spatially factored form

W(ρ1,ρ2, ω) = Cm,m(ω)ψ∗
m(r1, ω)ψT

m(r2, ω),
(32)

i.e., the field at the examined frequency is completely
coherent. It is worth of mentioning that this result
is a non-trivial one and it follows from the definition
of the degree of spectral coherence, Eq. (19). If dif-
ferent definition is used, the field is not necessarily
completely coherent. Let us consider, for example,
the visibility-based definition and an azimuthally or
radially polarized single-mode laser. For such a laser,
the field vector oscillates inx-direction in certain po-
sitions, and iny-direction in certain other positions.
If Young’s pinholes are placed in those positions, it
is clear that no interference fringes can be observed
at the screen. Thus, if the visibility-based definition
is used, a single-mode laser is not necessarily com-
pletely coherent at the examined frequency.

In the multimode case the coherence properties
are not revealed by Eq. (30), since the Fox–Li modes
do not generally form a mutually orthogonal set [31].
However, after forming the eigendecomposition of
matrixC(ω), i.e.,

Cm,n(ω) =
∑

p

Λp(ω)ξ∗p,m(ω)ξp,n(ω), (33)

whereΛp(ω) andξp(ω) are the eigenvalues and left
eigenvectors, respectively, ofC(ω) we find that the

coherent-mode decomposition

W(ρ1,ρ2, ω) =
∑

p

Λp(ω)ζ∗p(ρ1, ω)ζT
p (ρ2, ω),

(34)
where

ζp(ρ, ω) =
∑

m

ξp,m(ω)ψm(ρ, ω), (35)

may generally contain multiple terms. This means
that a multi-mode laser may be partially coherent
within the framework of the electromagnetic coher-
ence theory [13,30].

8.- Degrees of polarization and their rela-
tions to the degree of coherence

Let us next turn to consider the polarization
properties of the field in the space–frequency domain
by settingr1 = r2 in Eq. (27), which gives us a rep-
resentation

Φ(r, ω) = W(r, r, ω) = 〈G∗(r, ω)GT(r, ω)〉e.
(36)

The matrixΦ(r, ω) is the space–frequency domain
polarization matrix that is analogous toJ (r) of
Eq. (2). However,Φ(r, ω) is often superior toJ (r),
since the former reveals much more detailed informa-
tion of the polarization properties in the case of broad-
band radiation.

Completely analogously to the classical degree
of polarization [8] for two-dimensional, i.e., paraxial
fields, one may define the spectral degree of polariza-
tion P2(r, ω) by setting

P2(r, ω) =

√

1 − 4 detΦ2(r, ω)

tr2Φ2(r, ω)

=

√

2 trΦ2
2(r, ω)

tr2Φ2(r, ω)
− 1. (37)

It is well known thatJ (r) is uniquely expressible as
a sum of completely polarized and completely unpo-
larized parts and the same naturally holds forΦ(r, ω)
as well. Thus, like its space–time domain counter-
part [8],P2(r, ω) has a physically clear interpretation
as the ratio of the energy of the polarized part to the
total energy.

It is clear that in the general case, the oscilla-
tions of the field are not restricted to a plane, but they
take place in three dimensions in more or less random
manner. In the past, there have been several attempts
to generalizeP2(r, ω) to three dimensions. The sub-
ject is still under rather intensive discussions, since
the matrixΦ3(r, ω) cannot be decomposed as a sum
of fully polarized and unpolarized parts [5], and there-
fore any degree of polarization for three-dimensional
fields cannot have the same physical interpretation as
P2(r, ω).
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However, recently it was shown by Setälä et
al. [6,7] that the quantity

P3(r, ω) =

√

3 trΦ2
3(r, ω)

2tr2Φ3(r, ω)
− 1

2
, (38)

introduced by Samson some time ago within a slightly
different context [32–34], has the mathematical and
physical properties that are expected from a degree
of polarization. In addition it was shown by Saas-
tamoinen and Tervo in Ref. [35] thatP3(r, ω) has a
clear Geometrical interpretation as the distance from
the unpolarized state towards the polarized state. The
interpretation is exactly the same also forP2(r, ω).
Both are based on the eigendecomposition of the po-
larization matrix, i.e.,

Φ(r, ω) =
∑

j

βj(r, ω)χ∗
j (r, ω)χT

j (r, ω), (39)

wherej runs through either(x, y) or (x, y, z) depend-
ing on the geometry, andβj(r, ω) andχ(r, ω) are
the eigenvalues and left eigenvectors, respectively, of
Φ(r, ω). The eigenvalues are real and non-negative,
and hence the terms

Φj(r, ω) = βj(r, ω)χ∗
j (r, ω)χT

j (r, ω) (40)

may be regarded as to represent fully polarized fields.
One should note that this result clearly requires that
the degree of polarization is equal to unity. This is,
however, easily verified by inserting Eq. (40) into ei-
ther (37) or (38). Thus, the polarization matrix al-
ways has a representation as a superposition of un-
correlated but fully polarized fields, whose number is
the same as the dimensionality of the examined polar-
ization matrix.

An important relation between the two- and
three-dimensional degrees of polarization is that the
latter is never equal to zero for planar fields, even if
the field is unpolarized in the two-dimensional sense.
This property has its roots in the fact that, for a true
unpolarized three-dimensional field, the direction of
the oscillations must be equally distributed in all three
dimensions. Since the oscillations of a field that is un-
polarized in the two-dimensional sense take place in a
plane, the field must be only partially polarized in the
three-dimensional sense [7]. An analogous situation
takes place betweenP2(r, ω) and a linearly polarized
field: since the oscillations at one point are restricted
to a line, the degree of polarization can never be zero
but, in fact, is equal to one.

It is clear that one may examine the field by us-
ing also the degree of spectral coherence, not only in
two separate points, but at a single point as well. In
such a case, we find that

µ2
E(r, r, ω) =

trΦ2(r, ω)

tr2Φ(r, ω)
. (41)

In contrast to the scalar theory of partial coherence,
µE(r, r, ω) is generally not equal to unity. By com-
bining Eqs. (37) and (38), respectively, with Eq. (41),
we find that

µ2
E(r, r, ω) =

1

2
P 2

2 (r, ω) +
1

2
(42)

and

µ2
E(r, r, ω) =

2

3
P 2

3 (r, ω) +
1

3
. (43)

Thus, the minimum value ofµE(r, r, ω) is as low as
1/
√

3. Although this may sound quite astonishing
at first, the result has a clear physical meaning: for
vector fields, also the correlations between the field
components are important. The implications of this
property ofµE(r, r, ω), which are of particular im-
portance for field whose polarization properties are
spatially variant, will be further studied in the near
future.

9.- Relation between the intensity fluctu-
ations and the degrees of polarization

Let us finally turn back to examine the field
behavior in the space–time domain. It is clear that
equations analogous to Eqs. (42) and (43) can be de-
rived for the one-point, equal-time degree of coher-
enceγE(r, r, 0) and the space–time domain degrees
of polarization, let us sayB2(r) andB3(r), which are
defined in a similar manner asP2(r, ω) andP3(r, ω)
in Eqs. (37) and (38), respectively. By proceeding as
above, we find that the equations take on the forms

γ2
E(r, r, 0) =

1

2
B2

2(r) +
1

2
(44)

and

γ2
E(r, r, 0) =

2

3
B2

3(r) +
1

3
, (45)

i.e., they are formally similar to Eqs. (42) and (43),
respectively.

If we now assume that the field obeys Gaussian
statistics, we find, with the help of Eqs. (6), (44), and
(45), that

〈[∆I(r, t)]2〉
〈I(r, t)〉2 =















1

2
B2

2(r) +
1

2
, in 2D

2

3
B2

3(r) +
1

3
, in 3D

. (46)

The importance of Eq. (46) becomes more evident
if we recall the fact thatB2(r) and B3(r) are not
equal for two-dimensional fields. However, the in-
tensity, and clearly also the intensity fluctuations, has
exactly the same definition that does not depend on
the dimensionality. Thus, the intensity-fluctuation
term appearing in Eq. (46) or, equivalently,γ2

E(r, r, 0)
are dimension-independent measures for polarization
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which, however, are not suitably normalized as the
degree of polarization should be. As it is easily seen
from Eq. (46), the normalization is dependent on di-
mensionality.

10.- Conclusions
In this article a brief look was taken into some

recent results concerning the coherence theory of sta-
tionary electromagnetic fields. The degrees of coher-
ence and polarization and the relations between them
were discussed. Two different possibilities for mea-
suring the degree of polarization for electromagnetic
field was recalled; the first is based on a series of four
visibility measurements, whereas the second, that is
valid only for fields obeying Gaussian statistics, may
be performed by means of intensity interferometry.

The study of partial coherence was then ex-
tended to the space–frequency domain, in which the
coherent-mode decomposition was derived and some
of its implications were discussed. In particular, the
coherence theory of laser resonator modes was exam-
ined by assuming a polarization-modulating, empty
and open resonator cavity. It was shown that by us-
ing a proper definition for degree of coherence, mean-
ingful relations between coherence and the number of
resonator modes can be derived. For example, in the
case that only a single resonator mode is present at
the examined frequency, then the field is necessarily
completely coherent.

The last part of the work was devoted to the

study of degrees of polarization in both space–time
and space–frequency domains. The relation between
the degree of coherence and the degrees of polariza-
tion in both two and three-dimensional geometries
were inspected. In addition, the differences between
the geometries were demonstrated by means of inten-
sity fluctuations.

Even though the work represented in this article
gives the basics for the uniform description of coher-
ence properties of stationary random electromagnetic
fields, a lot of work is still needed to obtain a complete
picture of electromagnetic coherence theory. The
topic has attained considerable interest within the last
few years, and also some contradictions between dif-
ferent definitions has been arisen, which has led to
active discussions in the literature (see, for example,
Refs. [24, 25, 36, 37]). Thus, additional work is also
needed in clarifying the concepts raised in these dis-
cussions.
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