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RESUMEN: 
Se revisan técnicas de reconocimiento basadas en correlaciones para imágenes 

bidimensionales e imágenes de rango (con información tridimensional). Las 
correlaciones no lineales basadas en descomposiciones binarias se aplican a 
imágenes bidimensionales y se estudia la robustez de los métodos de 
reconocimiento cuando las imágenes están sometidas a ruido Gaussiano 
sustitutivo. Se combina  la correlación junto con la transformada de Fourier de 
fase de una imagen de rango de un objeto 3-D para detección de objeto 
tridimensionales y la evaluación de su orientación para rotaciones arbitrarias.  
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ABSTRACT: 

Different pattern recognition techniques based on correlation operations are 
reviewed. The method is applied to conventional images and range images (with 
tridimensional information). The nonlinear correlations applied to bidimensional 
images are based on binary decompositions. We study the noise robustness when 
images are corrupted with substitutive Gaussian noise. Combining the correlation 
with the phase Fourier transform of a range image, we detect a 3-D object and we 
estimate the orientation for unknown rotations. 
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1.- Introduction 
 Pattern recognition consists of the detection 
and identification of a known pattern or target in an 
unknown input scene that may or may not contain 
the target, and the determination of the spatial 
location of any such target. Different correlation 
methods are applied to conventional bidimensional 
or tridimensional images. Traditional digital pattern 
recognition techniques require massive computation 
and can be relatively slow. Optical correlation 
techniques can provide inherent parallelism, 
ultrahigh processing speed, noninterfering 
communication and massive interconnection 
capability, and sometimes offers a significantly 
better alternative to the digital pattern recognition 
approach1,2. 
 In this paper, we review some pattern 
recognition techniques for bidimensional images, 
based on nonlinear time sequential correlations and 
for range images (3D) based on Fourier transform 
profilometry technique and a 3D object orientation 
map.  

 An image can be decomposed by means of 
elementary binary decompositions, and because 
those slices are binary, the complexity of the process 
is reduced significantly. García-Martínez and 
Arsenault3 have proposed orthogonal binary sliced 
image decomposition. The authors showed how the 
slices obtained can be defined in terms of the Slice 
Orthogonal Nonlinear Generalized (SONG) 
elementary binary functions. The motivation of 
finding different binary decompositions is to define 
new nonlinear correlations to achieve higher 
discrimination capabilities for pattern recognition 
compared to conventional linear filtering. Two 
nonlinear correlations have been defined by means 
of linear correlations between binary decompositions 
of the input scene and the target. The threshold 
decomposition point of view leads to the 
morphological correlation (MC)4-8, whereas the 
SONG decomposition leads to the SONG correlation  
(SONGC)3. Those nonlinear correlations have been 
implemented optically using a joint transform 
correlator (JTC): each pair of elementary binary 
joint input slices (one slice from the target and one 
from the input scene) are placed next to each other 
in the input plane. For each pair, the joint power 
spectrum is performed. The sum of the joint power 
spectra of all the slices is stored and finally fed back 

at the input plane for a second Fourier transform to 
produce the MC or the SONGC. Other papers 
describe a way to binarize the joint power spectrum 
in a JTC in order to achieve pattern recognition 
robustness to noise and to distortion9,10. Those 
nonlinear correlations are extremely selective for 
pattern recognition compared to common linear 
filtering methods. In this paper we review the 
performance of the SONGC as a tool for pattern 
recognition. We have applied it to noise 
robustness 11, to discrimination control12, to non-
uniform illumination13, to rotation and scale 
invariance14-15 and to color pattern recognition16. 

On the other hand, recognition of three-dimensional 
(3-D) objects is an increasing important issue in the 
field of optical pattern recognition. For instance, 
there are applications in which the important object 
information is not contained in just one 2-D 
projection, but in all its 3-D shape. Therefore, a full 
3-D treatment is required. In the last years much 
research has been developed for the task of 
recognizing 3-D objects17-19 using several 
techniques, such as acquisition by range cameras, 
acquisition by an array of cameras in an electro-
optical implementation setup or even the use of 
digital holography as a method for recording 3-D 
information. Concerning 3-D image acquisition, in 
Ref. [20] a method for automatic 3-D shape 
measurement, called Fourier transform profilometry 
(FTP), is proposed and experimentally verified. This 
technique is based on projecting a regular fringe 
pattern onto the surface of a 3-D object and 
capturing with a CCD camera a 2-D image of the 
resultant scene. The obtained image is a deformed 
grating pattern which carries all the 3-D information 
of the object. In this method, if the image of this 
deformed pattern is digitally processed a final 3-D 
image of the object can be obtained. Then, if the 
deformed fringe patterns obtained with the FTP 
method carry all the information about the shape of 
the 3-D objects, we can use this technique for 
introducing in an optical correlator all the 3-D 
information required for achieving 3-D object 
recognition. We review an optical setup which 
performs 3-D recognition in real time with a very 
simple equipment21. We review also how to extend 
the recognition capabilities of the proposed 
technique to provide in-plane rotation-invariant 
recognition of 3-D objects22. Moreover, we 
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introduce a new method based on the calculation of 
the phase Fourier transform of the 3-D object range 
to estimate the position of the object when it is 
rotated by an unknown angle23-24.  

2.- The Sliced Orthogonal Nonlinear 
Generalized decomposition and 
correlation (SONGC) 
2.a.- Basic foundations 

 We now briefly review the essentials. A 
two-dimensional image with discrete gray levels can 
be decomposed into a sum of elementary images 
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where Q is the number of gray-levels. At the same 
time, the image can be defined in terms of the well-
known threshold decomposition using the 
elementary images [ ])y,x(re )i(th  as 
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The morphological correlation [5] (MC) between an 
)y,x(s  and )y,x(r is defined as 
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The MC is a nonlinear correlation that minimizes the 
mean absolute error (MAE) of the detection instead 
of the more usual mean squared error (MSE). The 
MC provides better discrimination capability for 
pattern recognition tasks than linear correlation and 
can be implemented optically using a time sequential 
JTC5. 

The SONGC is based on a different binary 
decomposition, shown in Eq. (1). It is defined as 
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Eq. (5) is a particular definition of a general 
definition of the SONG correlation presented in 
Ref. [3]. Note that the SONGC is defined as the sum 
of multiple linear correlations between different 
binary slices of the two functions. This correlation 
has many properties explained in Ref. [3]. For 
instance it measures the number of common pixels 
between the two functions for any gray level. We 
have shown that this correlation is optimum in 
Likelihood sense when images are corrupted with 
substitutive noise11. 
 
We carried out some computer experiments to 
determine the stability of various correlation 
methods in the presence of disjoint noise. Figure 
1(a) is the input image containing two identical 
buildings (marked with yellow arrows). The target is 
in Fig. 1(b) 
 

 

 
Fig. 1 (a) Input scene for the cluttered image detection, 
where two targets are in the scene; and (b) target to be 

detected in the scene. 
 
 
The SONGC of Fig. 1(a) is shown in Fig. 2. Note that the 
two targets are detected. 
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Fig.2: 3-D plot for the SONG correlation of Fig. 1 (a) 

 
2.b.- Optical implementation. Time sequential 
joint transform correlator 

The SONGC can be easily implemented optically25 
using a simple Joint Transform Correlator (JTC). 
From Eq. (5), the SONG correlation is defined as the 
sum of the amplitudes of the linear correlations 
between the corresponding binary slices of the input 
scene and of the target. This amplitude summation 
can be carried out by a JTC. 

Let )y,xx(r o+  and )y,xx(s o−  be the reference 
and the input scene objects centered at ),x( o 0−  and 

)0,x( o , respectively. The SONGC can be 
implemented optically using the same system as for 
the morphological correlation5-8 .The setup is shown 
in Fig. 3.  
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Fig. 3: Block diagram of the optoelectronic correlation. 

Each pair of elementary binary joint input slices 
(one slice from the reference object and one from the 
input scene) are placed next to each other in the 
input plane. For each pair, the joint power spectrum 

is performed. The summation of the joint power 
spectrum for all the slices is  
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where FT is the Fourier transform and 

)f(
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λ

π
φ

2
= , with the f focal length of lens and 

λ the wavelength of the illumination coherent light. 

The Fourier transform of the third term of Eq. (6) 
yields the SONGC. In addition the Fourier transform 
of the fourth term is the conjugate of the SONGC. 
Note that although each optical linear correlation is 
carried out in parallel, the binary correlations are 
carried out sequentially. However this SONGC 
could be implemented in a single step using the 
method developed for the optical implementation of 
the morphological correlation. We have considered 
the following example to show the performance of 
the optical SONGC. 

 

 
 

Fig. 4: Joint input scene with the background covering the 
whole input plane. The input scene is placed on the top 
and the reference object is on the bottom of the figure. 
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Fig. 5: Experimental output plane containing the optical 

SONG correlation of the scene shown in Fig. 4 , where the 
3-D plots cover an area around the correlation peaks 

 
The SONGC detects the target without difficulty and 
it is able to discriminate against the background. 
2.c.- Rotation and Scale invariances 
The rotation and scale changes in the reference 
objects have been extensive tackled in pattern 
recognition. Some of the most effective methods for 
pattern recognition with in-plane rotations are based 
on the circular harmonic decomposition26 and the 
radial harmonic expansion27 for scale invariance. We 
have defined the rotation invariant SONGC 
(RISONGC)14 as 
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  (7) 
where )),r(r(e mi θ  is the circular harmonic 
component (CHC) of the different binary slices of 
the reference object and (r,θ) are the polar 
coordinates. 

We present some computer results to determine the 
performance of the method for rotation invariant 
pattern recognition when the input scene is corrupted 
with substitutive Gaussian noise. Figure 6 shows an 
input with two reference objects (0º and 90º) which 
are marked with a circle. The image has 16 gray 
scale levels.  

 
Fig. 6: Input scene corrupted with overlapping Gausssian 

noise 

Figure 7 show the simulation result for the 
RISONGC and Fig. 6 as input scene. Note that the 
two reference objects are detected.  

 
Fig. 7: 3D plot of the RISONG correlation for Fig.6 

Note that the RISONGC detects the two reference 
objects, although the correlation peak energy is 
slightly different due to the loss of reference object 
information because of the noise. 
2.d.- Nonuniform illumination scene 
A weak point of this correlation is that a change in 
illumination changes the gray level distribution and 
the correlation result, so the limitation of this 
scheme is the sensitivity to small intensity or gray 
level changes which are present in real-world 
images. In order to alleviate this problem, we 
showed that the pattern recognition performance can 
be maintained when the objects are slightly degraded 
by means of a weighted SONGC (WSONGC)12-13. 

The SONGC can be expressed in terms of a matrix3. 
In this matrix representation the SONG correlation is 
defined as the sum of multiple linear correlations 
between different binary slices of the two functions, 

)y,x(s  and )y,x(r  where the matrix elements are 
weighted by the weight coefficients ijW   
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  (8) 
In early work on the SONGC3,11-15 the above 
expression was simplified by setting ijijW δ= , so 
giving the same importance to all of the gray levels, 
and reducing the SONGC to the trace of the SONG 
matrix. The idea of the WSONGC is to perform not 
only the correlations that define the principal 
diagonal but others as well. The non-principal 
diagonals represent the linear correlations between 
the two slices of the reference and the non-uniform 
illuminated target from different gray levels. Those 
diagonals represent the contribution of those pixels 
with a gray level displacement from its original 
value.  
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The motivation of using the WSONGC is to detect 
reference objects which gray level information has 
small variations. In order to show the tolerance of 
the SONGC to shadow effects in the object, let’s 
consider Fig. 8. 

 
Fig. 8: Joint input scene containing the input scene and the 
reference object bottom for the shadow effect illumination. 

 
The objects have 9 gray levels. In order to 
implement the WSONG correlation taking the 
contribution of the diagonals D0, D1 and D-1 (see 
Ref. [12-13], we define, in Fig. 8, the degraded 
object by adding gray level 32 to the upper part of 
the reference object and subtracting gray level 32 
from the lower part. So, we simulate shadows in the 
reference object.  

 
Fig. 9: Experimental output plane containing the optical 

SONGC of the scene shown in Fig 8. 
 

 
Fig. 10: Experimental output plane containing the optical 

WSONGC of the scene shown in Fig 8. 

The SONGC detects the reference object with high 
discrimination. The WSONG correlation detects the 
two objects with the same value. This is not 
surprising because we are adding D0, D1 and D-1. 
Those diagonals contain the gray level variation 
between +32 and –32. 
 
3.- Optical recognition and position 
estimation of three dimensional objects 
3.a.- Basic foundations of the Fourier transform 
profilometry technique 

In our experiment, we employ the parallel-
optical-axes geometry20 (see Fig. 11), in which the 
optical axes of a projector and a camera lie in the 
same plane and are parallel. Let us consider a 
reference plane R, which is a fictitious plane that 
serves as a reference from which object height h(x,y) 
is measured. Grating G has its lines normal to the 
plane of the figure, and the projector lens forms its 
conjugate image (with period p) on plane R. The 
reference plane is imaged onto the sensor plane S by 
the camera lens. For a general object with varying 
h(x,y) the deformed grating image is given by: 

,}inxfexp{)y,x(q)y,x(r)y,x(g
n

n∑
∞

−∞=
= 02π  

      (9) 
where r(x,y) is the reflectivity distribution on the object 
surface [r(x,y) is zero outside the object extent], 
qn(x,y)=Anexp{inφ(x,y)}, being φ(x,y)=2πf0CD in Fig. 11, 
and f0 is the fundamental frequency of the observed 
grating pattern. 
 
 
 
 
 
 
 
 

Fig. 11: Sketch of the experimental optical setup for 
Fourier transform profilometry technique 

This deformed grating can be interpreted in terms of 
its diffraction orders each one with spatial carrier 
frequency nf0, modulated in phase through φ(x,y) 
and with an overall amplitude modulation r(x,y).  
In order to obtain the relation between the phase 
φ(x,y) and the height h(x,y), we note that triangle 
AHB is similar to triangle CHD, therefore we can 
write:  
 

(10) 
We can see in this last equation that the phase φ(x,y) 
contains all the information about the 3-D shape to 
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be measured. If the camera and the projector are far 
from the object, at the denominator of Eq. (10) 
h(x,y) can be neglected with respect to L, and thus 
φ(x,y) ≈ kh(x,y), k being a constant. Taking into 
account Eq. (10) one can easily show that the phase 
of every order qn(x,y) is proportional to the height of 
the object. 
Therefore the height of the 3-D object has been 
encoded as a phase function either linearly or by a 
more complicate relation given by Eq. (10). 
3.b.- Three dimensional object recognition using 
joint transform correlator 
We review first how to obtain digitally the phase 
function that encodes the 3-D information of the 
object. Let us suppose a 3-D input object described 
by its height h(x,y) [see Fig. 12(a)]. Consider that a 
regular grating pattern is projected on this 3-D 
object and a 2-D image is taken with a camera. A 
distorted grating pattern [see Eq. (9)] that carries 
information about the 3-D shape of the object is 
obtained [see Fig. 12(b)]. Now we perform digitally 
a 2-D Fourier transform of this function which 
results in different orders separated one from another 
according the carrier frequency f0 [see Fig. 12(c)]. 
So that, using a mask one can easily filter these 
spectra and select only the spectrum with n=1. To 
simplify we take as origin of coordinates the 
position of the first diffraction order [see Fig. 12(d)]. 
The object height information can be obtained then 
as an encoded phase modulation with an inverse 
Fourier transform of this first order. The result is a 
complex image. As an example Fig. 12(e) depicts 
this image separating amplitude and phase 
information for the object shown in Fig. 12(a). The 
phase contains the object height information, while 
the amplitude is just the reflectivity of the object. 
Therefore we have encoded the 3-D object in this 
complex image. In the following the function 
derived in the way explained here will be named as 
PEHF (phase encoded height function). 

 

 

 
Fig.12: Scheme of the procedure for obtaining the 
complex function (PEHF) that contains the 3-D 

information of the target 

The main idea of our method is that the 3-D object 
recognition can be obtained by encoding the 3-D 
input objects into PEHFs and correlating them. We 
have implemented this method in Ref. [21] using an 
experimental modified JTC setup (see Fig. 13). This 
setup contains a spatial light modulator (SLM) at the 
input plane (x0, y0) which will display the deformed 
grating patterns.  

 
Fig. 13: Experimental setup including the acquisition part 

and the JTC process 

This SLM is illuminated with the convergent beam 
provided by the lens L, so that we can obtain the 
Fourier transform of the input function at plane 
(x1,y1). Some experimental results are show in 
Fig. 14. On the left, the SLM input scene is shown, 
in which the considered 3-D target is the pawn 
figure. And on the right it is shown only the upper 
part of the correlation plane (the zero order have 
been clipped for graphical purposes). As can be 
seen, there exists a high correlation peak that permits 
to easily discriminate between the two 3-D objects 
shown in the input scene. 
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Fig.14: (Up) Input scene showing the distorted grating 

patterns obtained from the 3-D objects. (Down) 
experimental correlation result. 

 
3.c.- Extension of the optical 3-D recognition to 
the in-plane rotation invariance  
The extension is based on the previously explain 3-
D recognition setup and on the theory of the circular 
harmonic (CH) expansion to obtain rotation 
invariant pattern recognition. The CH expansion was 
used for the first time by Hsu and Arsenault26 in 
1982 for obtaining rotation invariant recognition. To 
obtain the rotation-invariant optical recognition we 
have to consider the PEHF obtained from the target 
as the reference function to be decomposed on its 
CH components, because as was said above, this is 
the function which contain all the 3-D information 
of the object. However, a general CH component is a 
complex function. Thus, one cannot use a simple 
transparency to introduce it at the experimental input 
plane. Therefore, we have proposed22 to encode the 
complex CH component performing digitally the 
interference of this component with a plane wave, 
with the suitable deviation angle between them to 
assure that the interference pattern has a carrier 
frequency that equals the carrier frequency of the 
distorted grating patterns obtained onto the surfaces 
of the 3-D objects. This is necessary as we are going 
to use the JTC setup to obtain the 3-D recognition 
process. We have demonstrated the utility of the 
proposed method by optical experiments in a JTC22. 
In this case, the objects are two 3-D pieces placed on 

a black uniform plane which serves as a reference 
one from which object heights are compared (see 
Fig. 15). One of the pieces is the target while the 
other one serves us to test the discrimination 
capability of the system 

 

 
Fig. 15: Input objects used to test the rotation invariance 
of the optical 3-D recognition method 

 

Once the PEHF corresponding to the target is 
obtained we calculate one of its CH components. For 
the target we have chosen a CH component of order 
4. The scene to test the rotation invariance of the 
system [see Fig. 16] is composed of two deformed 
fringe patterns obtained from two targets (one of  
them rotated 45º with respect to the other) and of the 
fringe-encoded CH component of the PEHF 
corresponding to the target. This image is sent to the 
SLM at the input  
 

 
Fig. 16: Input objects used to test the rotation invariance 

of the optical 3-D recognition method 

The intensity of the first order is obtained at plane 
(x1, y1). This image is sent back to the SLM. 
Therefore, in this new cycle of the modified JTC we 
have, at plane (x1, y1), correlations terms in three 
different positions. In the zero order we obtain the 
addition of the autocorrelation terms, in the upper 
part of the image we obtain the desired correlation, 
and in the lower part we obtain the same distribution 
except for a mirror reflection. Fig. 17 shows the 
experimentally obtained upper part of the JTC 
output. We can observe two high correlation peaks 
due to the different rotated targets that appear in this 
first scene 
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Fig. 17: Input objects used to test the rotation invariance 

of the optical 3-D recognition method 

3.d.- Detection of three dimensional objects under 
arbitrary rotations based on range images 
Now we review a method for detection and 
orientation evaluation of three dimensional objects 
that have undergone an arbitrary rotation in space23-

24. In this case, we have used range image from an 
internet database. The method is based on 
computing a map or signature of the three 
dimensional object based on the local orientation of 
its surfaces, by means of range images. A matching 
between this map and the information extracted from 
a range image from an arbitrary point of view 
provides a means for detection and, also, for 
estimation of the object orientation in space. 
 
3.d.1 FOURIER TRANSFORMS OF PHASE 
ENCODED RANGE IMAGES 
A range image, z=f(x,y), contains the depth 
information of an object from a given view line, that 
defines the z axis. Note that the range image is a 
single valued function, therefore only the part of the 
surface closer to the positive z axis is contained on 
it. The encoding of the depth information has been 
used in the literature to extend the possibilities of 
range images17. Following this approach, we encode 
the range image as phase as follows: 
 

[ ])y)x(iwzexp)y,x(P =    (11) 

where w is a constant that permits the adjustment of 
the phase slope of the object. A way to deal with 
range images keeping translation invariance is to use 
their Fourier transform. The Fourier transform of the 
phase encoded range image (PhFT) is then 
 

[ ]{ })y,x(iwzexpF)v,u(PhFT D2=   (12) 
where DF2  stands for two dimensional Fourier 
transform. Note that w determines the scaling of the 
Fourier transform frequencies. From now, we will 
assume w=1, that correspond to the PhFT mapping 
detailed in the following. A planar surface of the 
object, after phase encoding, will become a linear 
phase factor. Thus its Fourier transform will be 

peaked around a well defined location. Referring to 
figure 18 the z axis defines the view line, the polar 
axis is the y axis and the azimuth angle is measured 
with respect to the z axis. A facet of the object is 
determined by the angles (αX, αY), that are the 
angles of the z axis with the projection of the normal 
to the planar surface.  

 
Fig. 18(a): Definition of angular coordinates. 

 
The tangents of these angles are proportional to the 
location of the peak in the Fourier domain: 
 

( ) ( )( )παπα 22 /tan,/tan)v,u( yx=   

    (13) 
Based on this expression we can relate the peak 
location with the orientation of the normal in 
conventional spherical angles, (φ,θ) as: 
 

( ) ( ) ( )( )φπθπϕ cos/tan,/tan)v,u( 22=  (14) 
 
These relations correspond to a value of w=1. A 
lower value will concentrate the information in low 
frequencies, while a higher one will expand the scale 
of the PhFT. From Eq. (14), the PhFT can be 
coordinate transformed to obtain a distribution 
PhFTsph(φ,θ) expressed in spherical coordinates, 
where the location of a peak gives directly the 
orientation of the corresponding facet. In general, for 
non-planar surfaces, the PhFT will contain the 
information of the orientations of the surfaces in the 
object. Figs. 18 (b) and (c) show a sample object and 
the corresponding PhFT expressed in angular 
coordinates. It is worth noting that the angular 
variation for θ and φ has maximum span of ±45 
degrees. For higher angles the energy contents of a 
surface will be small because the apparent size of the 
facet will be reduced. 

 
Fig. 18: (b) Range image of a pyramid shaped object. (c) 

PhFT intensity. 
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The intensity of the PhFT exhibit a crucial property: 
it is invariant to arbitrary translations of the object. 
This property is obvious for translations in the (x,y) 
plane, as they will produce just a linear phase factor 
in the PhFT. On the other hand, from the definition 
of the phase encoded range image (Eq. 12), a shift 
along the view line (z axis) will influence just as a 
constant phase factor. In both cases the PhFT is just 
altered by a phase that is irrelevant in intensity. This 
property makes the PhFT advantageous for 3D 
object matching, because the translation invariance 
is automatically obtained, when performing the 
correlation between the intensities of the PhFTs21. 
 
 
3.d.2 CORRELATION UNDER LIMITED 
ROTATIONS 
The problem of rotations is by far more complex 
than the shifts. Two particular cases have been 
addressed in the bibliography. In Ref. [22] circular 
harmonic components are used to achieve full 
rotation invariance under rotations around the view 
line (z axis). This result is extended in Ref. [30] to 
partial rotations that permit the increase of the 
information content of the impulse response. The 
second case involves rotations around an axis 
perpendicular to the view line [i.e., contained in the 
(x,y) plane]. In order to analyze this situation we 
consider two coordinates system. The first one 
(x,y,z) is attached to the object and rotates with it, 
whilst the second one (x’,y’,z’) is fixed in space,  the 
z’ axis defined by the fixed view line. Assuming a 
rotation of the object (and its attached coordinate 
system) around the y’ axis of angle ω, from the 
definition of angular coordinates, it is obvious that a 
normal defined by (φ,θ) in the rotated system will be 
represented by the angle ),()','( ωφθφθ +=  in the 
fixed system [See Fig. 18(a)]. Therefore, 
PhFT(θ’,φ’) expressed in angular coordinates, will 
undergo just a displacement. Even in spatial 
frequencies, (u,v), at first order approximation of ω 
the variations are linear with the rotation angle ω, as 
can be checked using Eq. (14). A rotation around 
any axis contained in the (x,y)  plane can be reduced 
to this case simply by choosing the y axis as the 
rotation axis. This property has been used to obtain 
detection of 3D objects by correlation of the PhFT 
intensity with limited tolerance to rotations with 
respect to an axis perpendicular to the view line28.  
If the full 3D information of the object is known, it 
is possible to calculate in advance the intensity of 
the PhFT for any possible orientation. This makes it 
possible to build a map (3D object orientation map 
or 3DOOM) that contains the information of all 
view points by displacing and pasting on a large 
image the PhFT expressed in spherical coordinates. 
This 3DOOM contains the information about the 
normals for all possible angles in a single image, not 
only around a given view line. Here the 3DOOM 

was limited to a region around the equator (θ smaller 
than 45 degrees), because larger nodding of the 
object was not permitted and thus no information of 
the facet pointing to the poles was available. 
 
 
3.d.3 OBJECT ORIENTATIONS MAP ON THE 
UNIT SPHERE 
A first step to extend the detection capability to any 
arbitrary rotation is to obtain a 3DOOM that covers 
the full angular range. This step involves the rotation 
of the model object scanning the possible 
orientations in such a way that any facet is facing the 
view line for at least one orientation. Alternatively 
we can consider the scan on the view line keeping 
the object fixed. An arbitrary rotation is usually 
described by the Euler angles. Figure 19(a) shows 
the convention that we are assuming in the 
following. With respect to conventional definition, 
the axes have been permuted cyclically, for a better 
correspondence with the previous spherical 
coordinates definition, which assumes that the y axis 
is the polar one. The arbitrary rotation is 
decomposed in (1) a rotation of angle α around the y 
axis (2) a rotation of angle β around the rotated x 
axis (3) a rotation of angle γ around the new z axis. 
In matrix notation this decomposition is expressed as 
 

)(R)(R)(R),,(R Y'X'Y αβγγβα =  (15) 
 

 
Fig. 19(a): Definition of Euler angles. 

 
Note that the last rotation (of angle γ) is not needed 
for scanning over all (θ,φ) range. The procedure for 
building the 3DOOM starts by preparing an image 
for the full (θ,φ) range. Then we scan the view line 
for all angles (θ,φ), by means of the two rotations 
around the y and x’ axes. For every angle of the view 
line the following procedure is performed: (1) the 
range image is computed (2) the PhFT is obtained in 
the coordinates of the rotated system (θ’, φ’) (3) the 
Intensity of the PhFT is coordinate transformed into 
the object axes (θ,φ) (4) The resulting image is 
pasted (by averaging) on the full 3DOOM image. 
Figure 19(b) y (c) shows a sample 3D image and the 
corresponding map in spherical angles 
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Fig. 19: (b) Range image of an object. (c) 3DOOM on θ-φ 

coordinates 
 
 

Once the 3DOOM is obtained the task of detection 
of an object at an arbitrary angular orientation 
consist on a matching of the intensity of the PhFT 
for this orientation with the 3DOOM. Unfortunately, 
although the 3DOOM has been up to now 
represented as a planar image, it correspond to 
angular variables, and problems of representation, 
well known in cartography, arise. In particular, the 
choice of the polar axis makes that the flat map will 
be greatly distorted for orientations close to it. The 
problem derives from the coordinate transformation 
from local spherical coordinates (θ’, φ’) where the 
PhFT is obtained, into object spherical coordinates 
(θ,φ), that are the variables for the 3DOOM. This 
coordinate transformation is highly non linear except 
for the case of rotations around y axis, as previously 
discussed. The distortion is indeed an artefact due to 
the representation of the 3DOOM as a planar map. 
As in the case of cartography there is no singular 
point in the representation if the 3DOOM is 
represented on a unit radius sphere. 
 
 
3.d.4 CORRELATION ON THE UNIT SPHERE 
In a conventional two dimensional correlation, the 
images to be correlated and the resulting correlation 
are 2D distributions. The correlation is performed by 
scanning the spatial coordinates for the matching of 
one of the two distributions on the other. The 
scanning is 2D, what defines the dimensionality of 
the output correlation. The problem is quite different 
for correlations on the unit sphere. The scan for 
matching has to be performed on the group of 
rotations on the sphere (SO3), as described by Euler 
angles, defining a 3D correlation output. Therefore, 
the problem is to obtain the correlation between two 
functions expressed in spherical coordinates. This is 
equivalent to define the matching between two 
functions defined on a unit radius sphere, namely 
PhFT((θ’, φ’)and the 3DOOM. Figure 20 shows an 
example of this statement of the problem of 
correlations on the unit sphere. 
 
A mathematical definition of the correlation on the 
unit sphere is29. 
 

 

 
Fig. 20: (a) PhFT of the target shown in figure 19 (b). (b) 
The same PhFT depicted on the unit sphere. (c) 3DOOM 

on the unit sphere. The correlation consists on the 
matching of distributions on figures (b) and (c). 

 
 

[ ] φθθφθφθγβα
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    (16) 
 
where ),,(D γβα  is the rotation characterized by 
the proper Euler angles. As in the planar case, it is 
possible to perform the correlation on the frequency 
domain, using Fourier transforms. On the unit sphere 
the Fourier expansion involves the use of spherical 
harmonics, instead of linear exponential functions. 
The Fourier transform of an object in terms of 
spherical harmonics expansion is defined as Ref.[29] 
 

∫= φθθφθϕθ ddsin),(Y),(ff *
lmlm  (17) 

 
where *

lmY are the spherical harmonics functions. 
Following Wendelt et al. [29], the correlation 
will be defined as: 

∑ ++=
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''m'mm eT),,(T γβαγβα  (18) 
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ππ  

   (19) 
Where l

mnd  are the reduced rotation matrices and 

lmf  and lmg  are the spherical Fourier transforms. 
In our case f and g are the PhFT from a given 
(unknown) point of view and the 3DOOM, 
respectively. Therefore, following this definition, the 
output of the correlation will be three dimensional, 
and the location of the correlation peak will give the 
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),,( γβα  triplet with the object orientation. This 
correlation admits a rapid implementation using the 
fast Fourier transform algorithm. To test the 
performance of this method of 3D object matching 
we have implemented it digitally. In order to 
simplify the interpretation of the results, without 
losing generality, the rotations are limited to the two 
first rotations (the rotation around the final polar 
axis is not permitted). This way the correlation 
output is bidimensional and can be directly 
represented. The target in our tests is the one 
depicted in Figure 19(b). Figures 21 (a-c) show a 
range image corresponding to an arbitrary 
orientation of the target, the corresponding intensity 
of the PhFT and its correlation with the 3DOOM. 
The correlation has been represented as a planar 
image. The correlation shows a distinct correlation 
peak from which the orientation of the object (α = -
120º, β = 53º) can be estimated. It is clear that the 
method provide a correlation that can sharply 
determine the presence and the orientation of the 
object. 
 
 

 

 
Fig. 21: (a) Range image of the 3-D object rotated with 

α=-120º, β=53.4º. (b) PhFT of the range image. (c) Output 
of the correlation. 

 
 
The discrimination capabilities of the method have 
been tested by using another object shown on Figure 
21(d). The intensity of PhFT for an arbitrary 
orientation is in Fig. 21(e). In Fig. 21(f) we show the 
correlation with the 3DOOM of the target, with the 
same intensity normalization as the correlations for 
the true target. The low output correlation value 
discriminates this object from the target. Additional 
non-shown simulations demonstrate that this 
discrimination happens for all values of rotations of 
the false target. 

 

 
Fig. 21: (d) Range image of another object. (e) PhFT of 
the range image given in Fig. 21(d). (f) Output of the 

correlation 
So, in this last section we have proposed and 
demonstrated a method for detection of three 
dimensional objects. The method is based on 
constructing a map of orientations of the object on a 
unit sphere using the intensity of the PhFT of range 
images. The results prove the capability for 
detection as well as to estimate the orientation of the 
detected object. 
 
Conclusions 
We have reviewed some correlations defined for 2D 
and 3D objects. All the results have been published 
and the references are given. For the 2D objects, the 
correlations are based on binary image 
decompositions. We have tested different pattern 
recognition operations as rotation invariant, 
substitutive noise performance and non-uniform 
illumination. For the 3D objects, we have reviewed 
mainly two techniques: one of them is based on 
performing the optical implementation experiments 
of 3D objects using profilometry and joint transform 
correlator, and the other is based on simulation 
results using a external range image database to 
detect 3D object with arbitrary rotations. 
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